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Having thought it advisable, ia the fourth edition of I 
■ mj "Elementary Treatise on Statics," to separate from J 
the absolutely elementary portion, those parts which assuiner 
the Student to possess a knowledge of Analytical Geo- 
metry and of the Differential Calculus, I have ventured 
to affix to this separate publication the title of Analytical 
Statics. But this title is to be understood rather as 
indicating the nature of the subject, than as promising; ■', 
a complete Treatise upon it. Such a Treatise would im- 
ply an oktension of the plan of the former work for which 
I was not prepared when a new edition was called for. I , 
have, however, inserted a few of the deficient propositions j 
which seem most important in such a work; for instance, an 
independent proof of the Composition of Forties acting at 
a point, {Chap, i.) and a proof of the general principle 
of Virtual Velocities (Art. 20 — 22). In addition to these, 
there are other propositions, remarkable for their Analytical , 
generality or beauty, which might properly form parts 
of a Treatise on Statics : for instance ; — the Theory of 
Moments; — and certain propositions founded upon the 
principle of Virtual Velocities. For these subjects I may 
refer to Mr Poisson's Treatise, Articles 271 to 384, and 
3*6 to 349, of the Second Edition. 



I have, for reasons already stated, been desirous of , 
introducing, as far as can conveniently be done, propo- 
sitions which have a bearing upon practical applications 
of mechanical knowledge ; and have, with this view, bor 
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rowed from the excellent Memoirs of Mr Davies Gilbert 
and Mr Hodgkinson, on Suspension Bridges, some of the 
most important portions. I have also introduced a Chapter 
upon the Strength of Materials with regard to Fracture. 
It is very obviously desirable that this subject should enter 
into our Treatises of Mechanics ; but the difficulty of eflFect- 
ing this may be supposed to be considerable, when we per- 
ceive that the theory of Galileo, which assumes that mate- 
rials are absolutely incapable of being either condensed or 
broken by compression, has held its place in some of our 
most received Treatises up to the present time; notwith- 
standing its complete repugnance both to our general con- 
ceptions of the structure of materials, and to the results of 
observation. The researches of Mr Barlow and others, and 
still more recently the well devised experiments and clear 
views of Mr Hodgkinson, have, it may be hoped, done 
much to put us in possession of a theory of this subject, 
consistent with itself and with facts. In this hope I have 
endeavoured to bring the subject before the Student of 
Mechanics, following principally the investigations of Mr 
Hodgkinson, as contained in the Transactions of the Man- 
chester Society. Though discrepancies and difficulties may 
still exist with regard to this matter, they will probably 
disappear in the course of further researches, if the funda- 
mental principles are rightly established. 

I have omitted the investigations concerning the Forms 
of Bridges on various hypotheses, and the discussion of the 
Species of the Elastic Curve, which made part of the former 
Editions. These portions of the work are not suited to 
the Mathematical Student as parts of a Course of Mecha- 
nics, and occupied too much space for mere examples. 
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ANALYTICAL STATICS. 



CHAP. I. 

SOLUTION OK A FOKCE INTO EECTANGL'LAa COMPONENTS. 

, 1. Statics is that part of the science of Mechanics 
"hich treats of forces employed in producing equilibrium. 

The forces treated of in this part of Mechanics are 
pressures. They are measured by the number of units of 
pressure to which they are equivalent; each unit of pressure 
being supposed capable of producing an equal effect in main- 
taining equilibrium. 

When two or more forces act at the same point in any 
directions, they produce an effect which may be produced 
by a single force acting at the same point. The two forces 
are said to be compminded into the single force; the two 
forces are called the components; the single force is called the 
resultant. If the single force be the one first considered, 
it is said to be resolved into the two component forces. 

When two forces act in the same direction, their re- 
sultant is their sum ; when they act in opposite directions, 
their resultant is their difference, and is in the direction of 
the greater. 

If a point be acted upon by any two forces, and also 
by a force equal and opposite to their resultant) it will be 
kept in equilibrium : for this is equivalent to its being acted 
on by the resultant and by a force equal and opposite to 
: resultant. 

3. The relations of forces which keep each other in 
jquilibrium may be deduced, beginning either with the con- 
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sideration of forces acting at a point, or of forces acting 
on a lever. Each case may be deduced from the other. 
In the Elementary Treatise, to which the present volume 
is a Supplement, the latter plan was followed. It was there 
shewn (Art. 27), that if two forces p, q, act at any angle, 
their resultant r is represented, in magnitude and direction, 
by the diagonal of a parallelogram of which the sides simi- 
larly represent p^ q- It hence follows, that if p, q act at 
right angles to each other, and if be the angle which r 
makes with p^ we have 

p^r cos 9i q = r sin 0, tan = - , r = \/(p^ -h (f)- 

P 

By means of these expressions we may treat all the problems 
of Statics analytically; and this we shall proceed to do for 
some of the most important. 

But, in order to make the analytical mode of treating 
the subject more complete, we shall first prove the above ex- 
pressions independently, beginning with the consideration of 
forces acting at a point. 

3. Prop. If a force r be resolved into two forces p, q, 
at right angles to each other ^ and if be the angle between 

r a/nd p, the ratio - is the same so long as 6 is the same, 
^ r 

Let n equal forces r, /, &c. act in the direction of r; 
and let p, q be the components of each in the directions of 
p^ q; the components of each of the equal forces r, /, &c. 
will be equal. Hence, nr^ will be the force in the direction of 
r, and np\ nq the components, whatever n may be. And the 
angle is the angle between r' andp', and therefore be- 
tween r and p. Therefore is the same so long as r and p 
are represented by nr and np^; that is, so long as r and p 
are in the ratio of r and p\ 

p^ 
Hence, is the same so long as - is the same, and one 

r 

of these quantities varies only when the other does. There- 

P 
fore also - is the same so long as is the same. 

r 
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1^ Cob. 1. We may express this dependence by saying. 
that - is a function of Q\ or in symbols 

<p{,&) representing a function of Q hereafter to be determined. 

Con. 2. It is obvious that q will depend on - 
the same manner in which p depends on 6; hence 
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" We shall in what follows suppose p, q to be the rect- J 
angular components of r, and Q the angle between r and p; 1 
and shall express the dependence of p on r and Q in the | 
manner just stated; whence we have p — r(p{0). 

i. Pbop. If two forces, each equal to r, act at i 
r/e S6, and produce a resultant s, we shall have 
s = 2r^ (6). 

Let AR, JJi', fig. 91, be the directions in which the ^ 
equal forces r, r act; so that EAR' is 2 0. Bisect the 1 
angle RAR' by the line AS, and draw Q,A(^ perpendicular I 
to AS. 

Let the force r, which acts in AR, be resolved into p I 
acting in the direction .^5*, and q acting in the direction AQ,. j 

fhcn by the last Article, since RAS = d, 
I p-rtpiQ), q = r<p{^-ey 

In like manner, the force r' equal to r, which acts in I 

AR' may be resolved into p' acting in AS and q' acting in 1 

^Af^i and, as before. 



The two forces, q, q\ are equal and in opposite directions, 1 
and therefore destroy each other ; and therefore the resultant J 
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of the forces r, /, is the resultant of p and p\ which, since 
they are in the same direction, is the sum of p and p% 
or 2r0 (0). Therefore the resultant 8 = Qr<p(9). 

5, Peof. If 9 for any given angle 20, toe have 
(p(26) = cos. 20, we shall also have (p (0) = cos. 0. 

Let, in fig. 92, two equal forces q, q act at an angle 
QAQ[ which is 40; the resultant will be «, in the direction 
AS which bisects PAP^^ and we shall have 8 = 2q(p (20), 

• Suppose that besides the two forces q^q^ in AQ,AQ\ 
two forces p, p', equal to these, act in AP. Then the resultant 
of the four forces p,jti', q,q' will he 2p + 2q(p{20). 

But the two equal forces p in AP and q in AQ are equi- 
valent to a force r in AR which bisects QAS, And in like 
manner the two forces p in AP and q in AQ[ are equivalent 
to a force r in Alt. And by last Art. we have in each case 

r = 2p(p{0). 

Again, the two forces r in AR and r in AR! are equi- 
valent to a force 2r, (p (0) by the same Article; that is, put- 
ting for r its value, the two forces r, r, or the four forces 
PjP\ q^q^ are equivalent to 4p {0 (0)p. 

Hence we have, putting p for q 

^p {(l>(0)Y=2p -^2p(p(20) ; 

By comparing this with the trigonometrical formula 



cos. 



it appears that if (20) is cos. 20, (f>0 will be cos. 0. 

CoE. It appears also that if (0) is cos. 0, (p (2 0) will 
be cos. 20. 
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6. Pkop. For all angles which can be obtained by the 
continual bisection of an angle of Go degrees, <f> (6) is 
COS. $. 

Lei two equal forces g, q, act in AQ,, AQi, fig. 92) at an 
angle of 120°, so that Q is 60". Their resultant, «, in the direc- 
tion AP, will bisect the angle QJQ', whence PAQ, will be 60"; 
and if PA be produced to O, Q.AO will be 120". If a force s 
equal to s, the resultant of q, q, be applied at A in the direc- 
tion AO, the three q, q\ s', will keep the point A in equi- 
librium. But in this case, since the three angles QAQ', 
QAO, &A0 are equal, the three forces q, q, s' must be equal : 
for each may be considered as the resultant of the other two, 
and each pair act at the same angle. Therefore s'=q, and 
s=q. 

Now by the last Article s = 1q<p {$) ; whence we have 
q = Sq(p (e) and ^(6) = |, when is 60", And cos. 60°= | ; 
whence it appears that in this case (p (6) is cos. {9). 

Hence it follows, by the last Article, that (p (9) is cos. 0, 
whence is 30", Hence again 0(0) is cos.9, when Bis 15"; 
and so on, to any arc which can be obtained by the continual 
bisection of 60". 

Cor. By continual bisection we may make the angle 
smaller than any assigned angle, and the proposition will 
still be true. 

7- Prop. If tp{9) be cos. 9, and <p (e) be cos. e, and 
tpid-e) be COB, (^ - e) ; then also (p(e + e) is cos. (0 + e). 

Let two equal forces r, r', in AS, AS.', fig. 93, make an 
angle 20; and let s in AS be their resultant. Let r, which 
acts in AR, be the resultant of two equal forces p, q, acting 
in AP, AQ, at an angle 2e. Therefore RAP wiU be c, and 
r = Sp (e). Also SAR will be 0, and s = 2 r ^ (0) 

The force s is the resultant of the two forces p,p' acting 
in APfAf, and the two q,q' acting in A(l,AQ[. And 
the two equal forces p, p, will have a resultant in AS, which 
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by Art. 4. will be 2p (0 — e), since PAS is - c. Also 
the two g, q will have a resultant 2^ (0 + e) in AS, since 
QAS is + e. Hence «, the resultant of the force p, p\ q, q\ 
will be 2p(l>(6 — e) + 2g <^ (0 4- e) ; and since q is equal to p, 
equating this with the former value of s, we have 

2p(f) (0 - e) + 2p0 (0 + €) = 40 (e) . (6). 
Hence. 0(6 + e) = 20(e) . 0(0) - 0(0 - e). 

Now we have by trigonometry, 

COS. (0 + e) = 2 COS. € . cos. - cos. (0 - e). 

If therefore 
0(0) be COS. 0, 0(e) be cos. e, and 0(0 - e) be cos. (0 - e), 
we shall have also 0(0 + e) = cos. (0 + e). 

8. Prop. For all valties of 0, 0(0) is cos. 0. 

Whatever be the value of 0, we may, by the perpetual 
bisection of an angle of 60°, obtain an angle which either 
measures 0, or measures it with a remainder less than any 
assigned angle, since we may by the perpetual bisection of 
an angle of 60^ obtain an angle less than any assigned angle. 
We will therefore suppose = wS, when £ is an arc obtained 
by the perpetual bisection of an angle of 60°, and w is a 
a whole number. 

It is proved, Art. 6, that (S) is cos. S. It hence fol- 
lows by Cor. to Art. 5, that (2S) is cos. 2S. 

Also since this is true for 2S, 5, and 2^-5, it is true, 
by Art. 7, for 25 + S or sS. 

Again since it is true for 3 5, 5, and sS-S or 2 5, it is 
true for 3S + 5, or 4^. 

Again since it is true for 4^, 5, and 4^ - 5 or 3^, it is true 

for 45 + 5, or 5^. 

And in this manner it may be proved for n5, when n is 
any whole number. 
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Therefore, by what has been said, it is true for 9- 

Hence if p, g he the rectangular components of a force j; 
of which p makes with i- an angle 6, 



Cor. 1. Hence also q = r cos. f 6 

^ ,^ /, '■sin. 9 p 

CoE. 2. Hence tan. f'- 

CoR. 3. Also / = r^ 
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THE CONDITIONS OF EaUILlBRInM OF A POIKT. 

* 9. In this and the following Chapter we shall express 
conditions which are requisite that a point or a body 
may be in equilibrium, by means of equations among the 
symbols which the forces and their positions introduce ; and 
we shall thus obtain the means of reducing to the solution 

' equations, all problems whatever relative to equilibrium. 



Peop, To find the resultani of two forces acting at 
point, as JPyAQ, fig. 94. 

If we suppose a line, as Aai, the position of which 



i 



, known, 
eitions, 



suppose 1 
. thro 



to 1 



both ( 



■ th. 



igh the point J, we may determine the 
imponents, and of the resultant, 



! angles which they make with this line. 

Let p, q, be the forces in AP, AQ; a, )3) the angles^ 
hich they make witli A,v. If p be resolved into two force* 
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one in the direction Ax^ and the other in the direction A 
perpendicular to Awi it has been shewn, in the preoedinj 
Chapter, that these resolved parts will be p cos. a, p sin. a 
In the same manner q is equivalent to forces q cos. /3 in tht 
direction Ax^ and q sin. /3 in the direction Ay. Hence the 
forces Pj q are equivalent to 

p COS. a, q COS. fiin Ax^ 
p sin. a, q sin. )3 in ^ j^ ; 

and the resultant of p and q will be the resultant of these four 
forces. If we put 

p COS. a-\- q COS. )3 = Jf, 
2> sin. a-\-q sin. )3 = F; 

and if >* be the residtant of p and g, and d the angle which 
it makes with Ax^ we have by Art. 8, Cor. 2, 3, 

r«v^(jr«+n, tan.e = ^. 

whence the magnitude and position of the resultant are known. 

Cor. 1. By putting the values of X and Y in the 
expression for r, we find 

/M COS.* a +2pq cos. a.cos. jS-f-Q* cos.^jSl 
^ \+^*sin.*a+ 2p^sin. a.sin./3 + q'^sin.*3j ' 
and since cos.* a + sin.* a = 1 , 
and COS. a. coi^. /3 + sin. a. sin. /3 = cos. (a - /3), 
r = y' {p* + 2^g cos. (a - j8) + ^}. 

Cor. 2. This agrees with the result obtained in Chap. ii. 
of the Elementary Treatise; for if AP, AQ represent the 
forces p, g, and if AR be found by completing the parallel- 
ogram APRQf we shall have 

AR^ = JP*+ Pip +2AP.PR. cos. RPE, 
or = p*+ g*+ 2pg cos. (a - /3), 
because i?P£ = QAP = PAx - QAx, 
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Cor. 3. If we call the angles PAR and QAR, (p and f 
respectively, we shall have, by Trigonometry, 



t 


sin. PJR PR 
sin. JPR AR ' 


1 


.in. PAR J !■ 
™. EPi! AR ' "J 


m 


sin. <f> ff 


m 


■sin.(„-0) r- 


Similarly 
1 sin. y]/ : 


p.in.(„-/3) ,sin.(.-;j) 


psin.(a-0) y.in.(.-^) 


r -/iTi"+2i)«cns.ro-flWn^i 



10. Prop. To Jind the renultant of any number of 
forcet Pi, p^, pi .... p, in the same plane ; their directiOTU 
making with the line Ax, angles «„ as, a^, . . . . a„ re- 
spectively. 

As in the last Article, Ay being perpendicular to Aw, 
the forces may be shewn to be equivalent to 
Pj cos. a„ p2 t^os. oe, Pi COS. aj . ■ . p„ cos. a„ in the direction A m. 
Pi sin. a„ Pa sin. o^, p^ sin. 03 ... p, sin. a, in the direction j4 y. 

Hence, if r be the resultant, and Q the angle which it , 
makes with Ax, r and B will be given by the equations 



p, COS. oi + Pi COS. Qi; -t- j)3 COS. oj . . . + Pb ' 
Pi sin. a, + p3 sin. as + pa sin. aa ■ - ■ + Pa : 



1, = ^, 



= -v/{vr' + I'') ; tan. 



X 



We have considered the forces as lying within the angle 
yAx and pulling the body. In this case the resolved parts 
will be in the directions Ax and Ay; but if one of the forces 
act in the direction Af , fijr. fl.'i, situated in the angle yA.v, 
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the resolved part AM' will act in the direction xA^ and the 
corresponding term is the sum p^ cos. ai + p% cos. a^ + &c. 
should be negative. And if p cos. a be this term, it will be 
negative, because d^PAaiy and p cos. d^p cos. PAx^ 
— p cos. PAx\ which is a negative quantity. In this case p 
sin. d will be positive, which agrees with the direction of the 
resolved force M*P . 

In the same manner, if a force p" act in the direction 
AP\ in the quadrant y Ax^ the term 2>"sin. a" will be 
negative, and p' cos. a will be positive. 

And if a force p" act in the direction AP'' in the qua- 
drant y'Axy the terms p"' cos. a", p'" sin. a", will both be 
negative. And these changes of sign agree with the change^ 
of direction of the resolved parts. 

And if the force, instead of being a pulling force in the 
direction AP, be a pushing force in the direction PA^ we 
mlist make p negative ; and the resolved parts p cos. a and 
p sin. a will both be negative. In the same manner if the 
force in PA be a pushing force, we must make p negative. 
And similarly in the other quadrants. 

11. Prop. To find the resultant of forces whose di- 
rections are not all in the same plane. 

, We have in the preceding case resolved forces in the 
directions of two lines at right angles to each other. In 
this case we shall resolve them in the directions of three 
lines, each at right angles to the other two. The nature 
of space admits of. three such lines, or a^es^ and no more. 
Let 3D Ay, fig. 96, be conceived to be a horizontal plane, in 
which A CO and Ay are at right angles; and let Ass he vertical. 
Then Ax, Ay, A% are all at right angles to each other ; and 
the planes xAy, xAss, yA% are also at right angles to each 
other. For (Euc. xi. Def. 6.), y^i a? • measures the inclination 
of xAy, zAx. And similarly of the others. 

Let P be any point in space; and through P let three 
planes be drawn, PmOn, PoNm, PoMn, parallel respectively 
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to xAy^ wAx, yAx. Hence Mm will be a rectangular parallel- 
epiped; and therefore the plane nMo is perpendicular to 
AMo^ AMn, Therefore AM is perpendicular to the plane 
nMo (Euc. XI. 19.), and therefore to the line PM (Euc. xi. 4.). 

If AP represent any force acting at A^ AP may be 
resolved into forces represented by AM^ MP. Also MP may 
be resolved into Mo^ oP; and hence the force AP is equiva- 
lent to AM, Mo, oP; or to AM, AN, AO. 

Since PM is perpendicular to AM, AM = AP . cos. PAx. 
And similarly AN = AP . cos. PAy and AO = AP . cos. PAz. 
Hence if jo be the force AP, and a, /3, 7, the angles which it 
makes with A no. Ay, Ass, the force will be equivalent to three 
forces 

p COS. a in Ax, p cos. )8 in Ay, p cos. y in Ax*. 

Hence if we have forces Pi,p2, Pz, - • -Pn9 acting at a point A 
making with Axi angles ai, 02$ as, . . . a„ ; 
with Ay I angles fii, ^2> A^ • • • ^„ ; 
with Axi angles 71, 7., 73, • • • 7„ ; 
and if we make 

Pi COS. ai + P2 COS. Q2 + ps cos. 03 . . . + p„ cos. a^ = -^Y ; 

Pi COS. /3i -h P2 cos. /Sg + ps cos. jSa . . . + 2?„ cos. j8„ = F; 

Pi COS. 7i + P2 COS. 72 + 1>3 cos. 73 . • . + J»« COS. 7„ = Z ; 

the forces will be equivalent to JT in Ax, Y in Jy, and Z 
in A%. 



• Tito of the angles a, /3, y are sufficient to determine the position of the line AP, 
for they are connected by the equation 

COS.* a -f- COS.* /3 + cos.'-'y = 1 ; 

so that two of them being known, the third may be found. 

This appears thus ; 

/l/*2= AM^ + MP* = AAn^ Mo-\-oP' 
= AM^-^AN^+PO^ 

= AP"^ COS.2 n+AP^ COS.' fi-\-AP^ COS.2 y ; 
.'. 1 = COS. a? -{- COS.' j3 -f COS.' y. 
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If A be the resultant, and 0, 17, ^ the angles which it 
makes with Ax^ Ay^ Az respectively, we shall have 

^ X Y ^ Z 

COS. = — , cos. »7 = — , COS. ^ « — . 

For if AM, AN, AO now represent X, F, Z, AP will 
represent iJ; and AP^ ^ AM^ ^ AN^ •\- AO^ (see note last 
page). 

Also AM = AP COS. PAM, &c. 

One of the three last equations is superfluous, as was 
observed before. 

As in the last Article, the resolved forces may become ne- 
gative when the angles ai, )3i, 71, &c. pass beyond the first 
quadrant. Also the forces are negative when they push 
instead of pulling. 

12. Prop. When a point is acted upon by any forces, to 
find the conditions of equilibrium. 

In order that there may be an equilibrium, the resultant 
of all the forces must be 0. And in order that this may be 
the case it is evident that we must have, in Art. 10, JIT = 0, 
F= 0; and, in Art. 11, jr= 0, F = 0, Z = 0. Hence we have 
for the conditions of equilibrium in the former case, 

Pi COS. ai -h P2 cos. 02 + ^3 COS. as + . . . = ; 
JO, sin. a, -f P2 sin. Og + ps sin. 03 H- ... =« 0. 

And in the latter case 

Pi cos. tti -f P2 COS. og -f Ps cos. as + ... = ; 

Pi cos. /3i + P2 cos. /3a + Pi cos. /33+ ... = ; 

Pi COS. 'yi +P2 COS. 'ya + P3 cos. 73 + . . . = 0. 

The conditions of the equilibrium of any number of 
points may be deduced from the conditions belonging to 
one point. In the state of equilibrium, each point, by 
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means of the rods, strings, &c. which connect it witli the . 
other points, exerts and suFerg a certain pressure. And 
this pressure may be introduced as one of the forces at each 
point, and then eliminated by constderiog that it is equal 
at each two points so connected. 

13. Prop. When a body is supported upon a curve {the 
curve being in a vertical plane) ,• to find the conditions of 
equilibrium. 

Let AM, MP, fig- 97, be the vertical abscissa and the 
horizontal ordinate of the curve ; and let AM = x, MP = y, 
BP = s. Let the forces which act on the body be resolved 
in the directions parallel to a: and to y, and let the resolved parts 
~thus obtained be called X and Y: -Y^ and K being considered 
positive when they tend to increase .v and y. Also let S be 
the re-action of the curve in the direction of the normal, or 
what is the same thing, the pressure of the body on the curve. 
Then, in order to obtain the conditions of equilibrium, resolve 
R in the directions parallel to ,v and to y ; 

.-. resolved part of R in direction PX = R cos. RPX 

= Rsm.XPT=R.^, 

resolved part of R in direction PY= R cos. RPY 

= -R COS. RPM •=-R.-^. 

Hence, bv Art. 12, the equilibrium will subsist if 



The first of these equations is equivalent lo 
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ax 

which is the equation of equilibrium. If we know the curve, 
that is, the relation between x and y^ this equation will give us 
the relation between X and F; and if we know this also, 
the equation will enable us to find the actual values of x 
and y^ or the point when the body will be supported. This 
will be illustrated by the problems which follow. 

If the weight P, instead of resting upon a material surface 
BPj fig. 97> be suspended by a string KP which confines it to 
the curve J?P, the conditions of equilibrium will be the same 
as before. The re-action which was before supplied by the 
resistance of the surface is now produced by the tension of the 
string. This re-action will as before be perpendicular to the 
curve : it will also manifestly be in the direction of the string, 
and this agrees with what is collected from the way in whidi 
the curve is described ; for when a curve is traced out by one 
end of a string of which the other is fixed, the string will at 
every point be perpendicular to the curve Hence the for- 
mulae which we are about to give for the former case apply 
also to this. 

14. Prop. A body is supported upon a curve by a weight 
acting over a fixed pully K^fig. QS ; to find the conditions of 
equilibrium. 

Take the vertical line JOf, passing through the pully, for 
the line on which x is measured downwards. 

Let KM^x, MP^y, jrP = r = (0?^ + ^^)^; and if the 
weight which acts by means of KP be = q^ the parts which act 
parallel to MK and PM are 

^ . y 
g-, and 9-; 

r r 

X V 

hence X = p — q — \ Y - — q-\ 

r r 
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dy 
hence the equation of Art. 13, namely, X-\- F -^ = 0, becomes 

aw 

X ydy 



or 



\T rdw) 



but ,37^4- y^= r^; .'.0? + -—^ = -—-, 

diC dw 

_ X ydy dr 
and - + — — = 3- ; 
r rdx dx 

dr 

and this, combined with the relation between x and r, which is 
given by the nature of the curve, gives the position of equi- 
librium. 

15. PaoB. I. Let AP^ Jig. 98, be a hyperbola with its 
Orxis vertical, on which a given weight P is stcpported by an- 
other given weight Q by means of a string passing over a 
puUy at the center ; tojind the position of equilibrium. 

Let as before JOf , MP, AP, be a?, y, r ; the semi-axes of 
the hyperbola a and 6 : the given weights p and q. 

a* 

.2 . 7>2 



.(-^-.) 



making: e - ^ , which is called the eccentricity of the 

^ a 

hyperbola ; 
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dr ^X , ^^ ^ i_ 

.*. -7- « — ^ T^rr; hence © - a-r- = becomes 

due (f?ai'-V)\ ^ ^dx 



.'. a? = 



^{f-<t^y 



.'. X = ^ ^ — 5-5;-; and hence we may find y, r. 

Cob. 1* If ^^>p^i or qop^ the equilibrium is im- 
possible. 

Cob. 2. If ge « ^9 07 «x 3o : the body would in this case 
be supported upon the asymptote. 

16. Pbob. II. It is required tojind a curve stick ihat 
a given weight » q hanging over the pully may balance 
(mother given weight ^p at every point of it. 

We must have at every point 

dr 

hence, integrating with respect to x, 

px — qr + c = 0; 

.'. px + c = qr =^ q (x^ + y^)h; 

.-. p^a^ -\-2pcx+c^=^af^ + (fy^; 

pc 
Let a? + -y^ — r = /; 
'p "(f 

p - q^ 
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i/'-^W-<f)^-:f^^<^h 



l^-'f u ff*^ 






But if t, y, be the abscissa and ordinate of a hyperbola 
in which the semi-axes are a, 6, 

j^ = -2 (^ " ^0 5 which agrees with our equation, if 
tzt^t and ^^ 

hence -r = 6^. 

Hence the curve required is a hyperbola in which KM—co^ 
and CM^t\ fig. 99; and in which the semi-axes are 

a = — — , and o = 



(p^-9^)' (p'-'f)*' 



CK is = -#— ; = i— 



P' - 9* 9 






.'. JT is the focus. 

If we call AK^ Ar, we have 

pc qc 



k=CK-CA^ 



.'. c = {p-\-q)k^ 
and putting this value for c, the semi-axes become 

a = — ^A;, and 6= f^^l^^ A;, 
p - 9 Kp-ql 

17. Prop. ^«£?o ^ivew weights P, P', connected by a 
string of given length (=b) passing over a given pully JT, 
Jig, 100, are supported on two curves^ which are in the 
same vertical plane as the pully. Having given one curve, 
to find the other so that the weights may balance in every 
position. 

C 
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Let the weights be />, p , and the tension of the string q. 
And let ^, af\ r, r , be the values of the abscissae JTAf, KJIt, 
and of JTP, KP^. Then since q must be equal to a wdgfat 
which, hanging freely, would support either P or P', we have 
by the last Problem, 

dr - , dr 

The second equation multiplied by -— gives 

dtV 

,dw' dr 

dx dw 

, dr dr 

and since r -^r —h^ - — I- -7— = ; 

dw dx 

whence, if we add the first and the third equations, we have 

dx 
p -\- p' -7— = ; and integrating in a? ; 
dx 

.-. px -\-p X = c. This equation, along with the one 

r H- / =6, enables us to find x and r in terms of x and 
r : and as we know the nature of the curve A'P^ we have the 
relation between / and x\ which we may represent thus, 
r =f{x)^ f{os) representing a known function of a?'; and by 
substituting the values of x* and / we have a relation be- 
tween X and r, which determines the curve required. 

18. PttOB. III. As an example^ suppose the given curve 
A'P^^Jig^ 101, to he a circle^ and CK a vertical line through 
its center: and let KC = k^ A'C^ the radius of the circle, =a; 
then, 

KP'''^KC'+CP'^-2KC.CM\ or 

r^=:k' + a'^ ^k (A - <r') = a^ - A;2 + 2kx, 

or since r = 6 — r, and x = -, — , by last Article ; 

p 

2k 
.\ (b -rY^ a^ - k^ + —r- (c - px)y 

P 

9.k 
or 6 - (^»^ H- y2)i = |a^ - Ap^ 4. — ^ (c - px)\^. 
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Coji. This is an equation to an epicycloid, as might be 
shewn. We shall, however, instead of this, shew geometrically 
that an epicycloid will satisfy the conditions. An epicycloid 
ia the figure described by a point in one circle which rolls 
upon the circumference of another circle, which is fixed. 

Let CP', fig. 102, be the radius of the given circle, and 
K the pully in the vertical line CK. In this line produced 
take o point O, so tliat CK : KO :: weight P' : weight P; 
and in the same line take Oq equal to the length of the 
string P'Jf/'. Take qs equal to qO, and qp equal to qK; 
and describe a circle qr with center e and radius sq. Let 
this circle, carrying along with it the point j» in the radius sq^ 
produced if necessary, roll along the circle described with 
center O and radius Oq: the point p will describe a curve 
pKP, which will possess the property required. 

For let qs come into the position Q.S, so that the de- 
scribing point p may come to P: if T be the point where 
the circles are in contact, the circle SQ. may, for an instant, 
be supposed to revolve about the point T, so that the curve 
will be perpendicular to TP; hence the re-action of the curve 
will be in the direction PT. 

Let SP produced meet CK in y, and let KP be joined : 
and since, by the description of the curve, the aic TQ, is 
equal to the arc Tq, the angle TSQ. ia equal to the angle 
TOq, and therefore yO equal to yS. Also SQ equals sq 
or Oq, and QP equals qp or qK; hence SP equals OK, 
and therefore yP equals yK. Hence KP is parallel to 05*^ 
and hence if PV be parallel to KO, PV will equal KG; 
alBo OV wiU equal KP. 



We made CK : KO :: P' : P; hence if KC represent 
the weight P, OK or VP will represent the weight P. Now 
the weight P is kept at rest by three forces, gravity, re- 
action, and tension, in the directions KC, CP, PK; hence, 
on this supposition PK represents the tension of KP. And 
the weight P is kept at rest by three forces, gravity, re-action, 
and tension, in the directions VP, PT, TV\ hence TV re- 
presents the tension of KP. 
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Now OT equals KP and KP, and OF equals KP\ 
therefore TV equals KP ; and hence the tensions of KP 
and of KP are equal, and the bodies will balance each 
other.* 



* If instead oi supposing a weight P' to rest on the circumference of a circle, we 
suppose CR a heavy mass, (as a draw-bridge,) moveable about a hinge at C; and if it 
be required to find the curve on which P must rest so as always to balance it, the 
question will easily be seen to be the same. Under this form the Problem was solved 
by the Marquis de THopital in the Leipsig Acts for February 1695. The curve, 
which was at first called the Curve of Equilibration^ was shewn by John Bernoulli to 
be such an epicycloid aa we have proved it to be. From the construction it appears, 
that if O9, die length of the string, be to KC as P to P', the ciure is the conunon 
epicycloid, in which the describing point is in the circumference of the rolling circle or 
rota : if the former ratio be less, as in fig. 102, the describing point is without the cir- 
cumference of the rota ; if greater, the describing point is within the circumference of 
the rota and the curve has a point of contrary flexiure, as in fig. 101. 

The Problems we have solved in the text suggest the following : 

Pros. V. Two weights connected by a string passing over a fixed putty rest on 
the same curve ; to find the nature of the curve that they may in all positions balance. 

By Art. 17, we must have 

px-^-p'x'^zCy »• + »■'=*; 

also r and r* must be the same function of x and x' ; that is, if /represent this function, 

r=/(^), r'=/(y). 

whence our equations become 

;)<-i-/)Y = 0, w + w' = 0; .-. /'=-^; w'=-w. 

P 

Also u and u' will be the same function of t and t' ; 

.•.<^(0 = -*(O=-*(-^); 

from which the form of the function <^ must be determined, whence the form of/ and 
the nature of the curve Vill be known. 

It does not appear that there exists a solution to this equation, when p and p' are 
unequal. If p' = p, it becomes 

</>(0=-<^(-0; 

that is, </> must be such a function that it only changes its sign by putting — / for /. 
This condition will manifestly be satisfied by the functions, 

<i>(t)z=mt, 

(^ (/) = any rational function composed of odd powers of /, 

<p(t) = m . sin. nt^ &c. 
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19. Prob. IV- Fig. 103. A body P, which hangs by a. | 
airing CP, without weight, a/nd consequently must be some- I 
where in the circumference whose center is C, is aitatained at I 
the point P by a repulsion acting from the lowest point A. 
The repulsive force is directly proportional to the intensity j 
of the repulsive power in A and inversely proportional to the 1 
square of the distance. Knowing the repulsive power, to ] 
^nd the position; and conversely, from the position, to find ] 
the intensity of the repulsive power. 

An instrument of this kind is used to measure the in- 
tensity of the electrical repulsions which exist between two 
bodies A and P, in the same state of electricity ; and it is | 
then called the Electrometer. 

Let CA = CP = a, AP = r; NP, perpendicular on CA, 

= y ; AN = x. And let f represent the intensity of the 
repulsive power of A : then the force which it exerts at the 



the force at a distance 



-, will be equal to the force j 



^^Bfw. 



which will give a hyperbola as in Prob. V. In face, it is mamfeat that since 1 
w^hta ia two poutiona J* and /', wauld each support a weight Q, Ihcy will Bupportfl 
each other; and thin ia every situation. 

If we make i^(/)^™ .sin. nl, we have « — in . sin. ni; 

•"-'.=--('-f,)^ 

and if we now suppose, that when f' = 0, x is =2 A, we have c = 2phi and henc 



When I 



and .3 



f with radina KB = 



fig. 104, we describe a circle, and take K}l = h in the vertical tine, and draw DR | 
horizontal, D, D, will be correspondinfr positions of the weights. When o 
at E the other will be at f; and in other positions />, /■' they will rest on 
■ curve aa is repmented in the liKure. 
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at P, in the direction AP- Resolve this force in the di- 
rections AN, NPj or PXy PYy and the forces will be 

/ »^ A f y 

— . - , ana -5 . - . 
r r r r 

Hence, considering also the action of gravity =p, we 
have, (see Art. 13.) 

But, in the circle, y^ = 2aa?-a;*; .•. y-~- = a — a?. 

Hence the formula X + F-p- = 0, or Xy -1- Yy -^^0^ 

dw dx 

becomes Xy + F(a - a?) = 0. 
And putting for X and Y their values ; 



fwy fay fyx 



or-^ 



— =p; .-. r=i — I; whence the position is known. 

And — = — , whence the ratio of the force f to the weight 
pa J & 

p is known. 

Cor. If another force of the same kind, (=/0 balance 
the same body P, at a distance / from A, we have also 

f ^r^ f _r'^ 

pa f 7^ 

or the forces are as the cubes of the distances from A at which 
the body is supported. 

The Principle of Virtual Velocities, 

20. In the Elementary Treatise, Articles 45 to 57, the 
following proposition was demonstrated, upon the suppositions 
which were there adopted : 

In any of the simple machines, the power is to the weight, 
as the weight's velocity in the direction of its action is to 
the power's velocity in the direction of its action. 
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This proposition was proved by shewing its truth in the 
case of each of the mechanical powers separately- In some 
of the cases, the power was supposed to act in a direction 
parallel to that in which the weight acts, both forces being 
supposed to be the result of gravity ; as in the case of the 
toothed-wheels. Art. 48, and the pullies, Art. 49, &c. But 
this supposition does not aflfect the result ; and if we suppose 
the attractive force which produces the power in these cases 
to act in a direction different from the direction of gravity 
which acts on the weight, the proposition will still appear 
to be true by the same reasoning. The string by which 
the power acts, will be drawn in the direction of the acce- 
lerating force from which the power results, and both the 
power itself and the space described by the power, corres- 
ponding to a given space described by the weight, will be 
the same as they were in the demonstration to which we 
refer ; and therefore the validity of the demonstration will 
not be disturbed by such a change of supposition. 

31. But any number of points connected in any manner 
may be considered as a machine, and the proposition thus 
proved for simple machines is capable of being extended to 
this more general case. Each of the points may be so con- 
str^ned in its motions by strings, rods, and surfaces, that 
it is not at liberty to move otherwise than in a certain 
curve or curve surface: and any two of the points may be 
connected by strings or rods so as to affect each other's mo- 
tions. The construction of the machine may be such, that 
the strings may have to move through fixed rings or over fixed 
pullies ; and in this way the motion of one point vrill constrain 
the motion of one or more of the others; and there will be 
mutual forces exerted among the points. But these mutual 
forces must be such as destroy each other: for instance, 
if two points be connected by a string, the pressures which 
each point exerts upon the other, by means of the string, must 
be equal and opposite : and the same will be true of the 
forces exerted by means of rigid rods. Now there may be 
obtained a relation among the external forces which act on 
the machine, independent of the internal forces or mutual 
pressures; and the expression of this relation forms the ex- 



1 
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tendon nf the prapoatian in Art. 45. of 

Treatise of which wr have tpaktn. ' 

This proporirion thus exleoded u caUed fAr frWpi 
o/ Virtuai Fehcitia; it ma; be expressed as follows. 

22. Let P, Q, R, &c. be any force* which, aetiBg I 
certain points of any machtoe whaterer, boUnoe each oAa 
and let a, /3, 7, &c. be reflectively the Bpaces throii^ wWi 
the points at which these forces act can move umultannxiii 
the relation of these spaces being deternuoed by the ca 
struction of the machine, and the spacn being onnudff 
as negative, when the points move in directjoos opposite 
the forces. This being supposed, and the spacai a, 0, -/• * 
having the ratio to whicli they tend when they are iudc J»i«it< 
diminished, we shall have 

/'a + Q/3 + ^7 T &C. = 0. 

In order to prove this, let it be obaerved in ' 
thata, )3, 7, &c. the spaces descrilwd by ihc li- 
the forces act, are, when they are indefinihlv 
the velocities of these jKiint*. We shall 
thus diminished; and shall call them itn 
the points to which they belong. 

If we had only ttna forcen^ F ' 
chine, we shoidd liavo, by Arf 



one of the qiiantitit-^ 
one point movc•^= 
it, the other 1- 
force which at : 



' '>f any nurnher of 

■ Fig. 10.?. 

■ ■■• Pii Pit P■^1 &(:■ act 
: drawn, perpendicular 

. •-. and Ay, be drawn 

._.■_!] otlier. Let P,M, be 

»jfi be AMit MiP,, the co-ordinates 

J meets the plane j.i,T. Similarly 

B of /*!, where pa meets the plane ; 

I for Ps, &c. And let R be the 

!, /3, the co-ordinates of the point 

ip., produce the same effect as if they 

s if we consider them as weights, they 

fcr upon their center of gravity, and 

Ba pressure = pi+pi,. (Elem. Tr.) Hence 

"ihody is the same aa that of a force 

inter of gravity of P,, P^, in a direction 

Similarly it will appear that this 

Knith ps, that is, p,, p^, ps, will produce 

tpK + pai acting at the center of gravity 

I in the same manner it may he shewn 

r forces pi, pu, p3, &c. will produce tlie 

U- + pi + iic. acting parallel to tlie forceti, 

Wat gravity of P,, P„ P„ &c. 

(. shall have, by the properties of the center of 

. Tt.) 

= Pi +P« + Pj+ Sic. 
Ra =p|*, +pja\+pa''Ca+&c. 
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This formula expresses the Principle of Virtual VelocUiei. 
It enables us to put into an equation the conditions of equili- 
brium of any system of forces whatever, anyhow connected. 

For this purpose we may consider two possible positions of 
the system indefinitely near each other ; and find general ex- 
pressions for 09 (if 79 &c. introducing into these expressions as 
many indeterminate quantities as there are arbitrary elements 
in the variation of position of the system. These expres- 
sions are to be substituted for a^ /3, y, i in the above 
equation. And this equation must be true independently of 
all the indeterminate quantities, in order that the equilibrium 
may subsist in general, and that motion may not take place 
in any direction. We must therefore take the sum of the 
terms which involve each of the indeterminate quantities, and 
make each sum separately equal to nothing. In this way we 
shall have as many distinct equations as there are indeterminate 
quantities. This will also be the same number as that of the 
unknown quantities in the position of the system ; we shall 
therefore have thus as many equations as are requisite to deter- 
mine the position of the system. 



Bnt when the point at which Q acts moves through a space perpendicular to tbe 

direction of Q, we may suppose the motion of this point to be constrained, 

and j3 = ; whence 

Pa-\'Ry = Oy 

by what has been already said. Therefore 

or the forces which constrain the points at which Q\ Q[' act, in the systems P, C 
and Q'\ i?, destroy each other when the two systems are combined ; and therefore 
the point at which Q' -\- Q" acts, is then acted upon by that force, that is, by the force 
Q, and by no other ; whence the demonstration above given is valid. 



!»HE CONOITIONI! OF EQUILIBRIUM < 

Paop. To Jind the resultant of any number of 
parallel forces acting on a rigid body. Fig. 105. 

Let any number of purallel forces p, , p^, p^, kc. act 
upon a rigid body. Let a plane yAai he drawn, perpendicular 
to these forces; and let two lines, Aw, and Jy, be drawn 
in this plane at right angles to each other. Let PiM, be 
parallel to Ay, and let iv,, y, be AM^, M^P^, the co-ordinates 
of the point f,, where pi meets the plane yAa:. Similarly 
let x.^, y.., be the co-ordinates of P^, where p, meets the plane ; 
Xs, y,, the same quantities for P,, &c. And let it be the 
resultant of the forces, and a, /3, the co-ordinates of the point 
where it meets the plane. 

The two forces p,. p^, produce the same effect as if they 
acted at P^, P.j. And if we consider them as weights, they 
will balance each other upon their center of gravity, and 
produce at that point a pressure = Pi+p.- {Elem. Tr.) Hence 
their eflfect upon the rigid body Is the same as that of a force 
p, + p.i acting at the center of gravity of P, , P^ , in a direction , 
parallel to these forces. Similarly it will appear that this 
force Pi + p-j, along with pj, that is, pi, p^, pj, will produce 
the same effect as Pi +Pa + Pa, acting at the center of gravity 
of Pi, P,., P-j. And in the same manner it may be shewn 
that any number of forces p,, p,, p^, &c. will produce tin; 
same effect as p, + pj -(- pa + 6ic. acting parallel to the forces, 
at the center of gravity of Pf, P^, P^, &c. 

Hence we shall have, by the properties of the center of 

gravity {Elem- Tr.) 

R = Pi + Pa + Ps + Sec. 



,a-.+ p^a 



t-&c. 



Rfi= Ihy,+p'^yi+'p-sy2+ &c. 
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Whence R is known, and a, )3, which determine the position 
of the resultant. 

Cob. 1. If any of the forces act in the opposite direction 
they must be considered as negative. 

Hence it appears that we may have jt>i+P2 + />3+ &c. =0. 
In this case, if Pia7i + p8a?2+ &c. be finite, a will be infinite. 
And similarly for fi. 

Cob. 2. For example, let two forces, each = p^ act in 
opposite directions at points in the line A.v^ distant from 
each other by a distance a. Hence we shall have 

i? = ; Ra = ^ (^1 + a) - pa?i = pa ; 
an pa pa 

Therefore a is infinite, and the forces are equivalent to a force 
s 0, acting at any infinite distance. 

In this case no single force could produce the efi*ect of the 
two. Their tendency is to turn the system round in the plane 
in which they are, without producing any motion except a 
rotatory one. 

Cob. 3. Hence it is not true that parallel forces can in all 
cases be reduced to a single finite force. If Pi+^2+^3+&c.=0, 
they can not. 

In this case the forces can be reduced to two, equal to 
each other, and acting at two difierent points in opposite 
directions. For since jpi H- ^2 + &c. = 0, these forces may be 
divided into two groups, of which one is equal to the other 
with a negative sign. And hence if we take the resultants 
of these groups separately, we shall obtain two equal forces 
in opposite directions. 

CoE. 4. Let one of these groups consist of pu p^j &c. 
and the other of p\ p\ &c. Then 

Px + P2 + &c. + p' + p"+ &c. = 0, 
j?i H- Ps + &c. ^-p -p' " &c. 
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And if R be the resultant of j»i, p^y &c., -iJ will also be 
the resultant of p\ p\ &c. Let a, )3, be the co-ordinates 
of the point where the first resultant meets the plane, a^ (i\ 
the corresponding co-ordinates for the second resultant. Then 

Ra- pio^i + P2^2 + &c- ; -H/S = piyi + P2y« + &c. 

•n ' ft tr ft o T% nt / / . tt // . o 

-Ra = pw + p iV + &c. ; -Rp =^py +p y + &c. 

.*. -R (a - a) = PiO^i + P2a?2 + &c. + jpV+ p'V-l- &c. 

i? 03 - /3') = jpiy 1 + ;>2y2 + &c. + pV + p'y ' + &c. 

And the quantities on the right hand are the same whatevei: 
be Ry that is, however the groups are selected. If / be 
the line which joins the two points of application, \ the 
angle which it makes with Aw^ 

Rl^Ry/Ka-ay+ifi-fiy]; tan.\ = fcs; 

and these quantities are the same whatever R be. 

Hence the position of the line Z, and the moment of the 
pair of forces to turn the system in the plane in which are R 
and /, are found to be the same, however the two groups are 
selected. 

24. Pkop. To find the conditions of equilibrium of por- 
rallel forces acting upon a rigid body. 

In order that the equilibrium may subsist, one of the 
forces, as pi, must be equal and opposite to the resultant of 
all the others. Hence — pi must be the resultant of the forces 
Pf>9 Pz9 &c. And therefore by last Article, <2?i, yj, d?^, yj, &c. 
being the co-ordinates, as before, 

- Pi = jp2 + P3 + &c. 

- PlOfi = ^2^2 + P3^3 + &C. 

- Piyi = ^2^2 + P^'i + &c. ; 
•••Pi+P2H-P3+ &c. = (1); 

Pl'Vi + ^2^2 + Pd^s + &C. = 

Pitfi + P2y2 + p^yz 



+ &c. = OJ ^^^' 



poin 

wjui 



l':ili;il,lBKlU.M OF 



Coil. 1. If the rigid budy have one |iwiiit fixed, let this 
point be the origin of CD-ordiaatL's. And it is manifest that the 
(.-quilihrium will subsist if the resultant pass through this 
point; for it will be counteracted by the resistance of the 
fixed point. Hence in last Article a = 0, ^ = 0. Thereiore, 
by that Article, ^m 

p,a!, + piX^ + j»3,r3 + Etc. = ; ^^M 

PiVi + V-^Vt + PiVi + &c- = 0- ^B 

26, Peop. To Jind the resultant of any number of forces 
acting in the same plane upon a rigid body. Fig. 106. 

Let pi. Pi, Pi, &c. be the forces acting in the plane yAa^, 
at the points /*„ P-^, P^, &c. : lei Aiv, Ay be at right angles 
in this plane ; and let .r,, y, ; x.^, y.^ ; ,r„ y-^, &c. be the co-ordi- 
nates of these points parallel to Ax, Ay- LetP,Z>|, P,i;, be 
lines parallel to Am, Ay, and let a,, be the angle which Pypf 
makes with P,-Di. If the force p, be resolved in these direc- 
tions, the components will be pi cos. a,, p, sin a,. In the same 
manner p.^ cos, «,, p.j sin. oa will be the components of p, ; and 
similarly for the others. Hence the forces are thus resolved into 
two sets of parallel forces, acting at the points P,, P^, P^, 8;c. 
and parallel to A.t and to Ay respectively. Let A' be the 
resultant of the first set ; Y, of the second. Also let -Y meet 
Ay in Jf, and let AK = t; and let Y meet Ax in H, and let 
AH = 8. Then we may suppose X to act at K, and I'.at //. 
Therefore, by Art. 23, 

X = Pi COS. ai + Pa cos, Oe + Pa cos. Qa + &C. 
y = Pi sin. ai + Pa sin. Oa + Ps sin, 03 + &c. 
Ya - p,a?, sin. Oi + pj.i's sin- as + Pjai'a sin. a^ + &c. 
Xt = p^y^ cos. a, + p^, cos. a^ + p^y^ cos. 03 H- &c. 
Hence we know X, Y, s, t. And knowing AK, Alt^ if 
we draw KG, HG parallel to Ax, Ay, the forces X, Y may 
be supposed to act at G ; and will then produce a resultant R, 
which is the resultant of the whole system. Also if a be the 
angle which this resultant makes with A,r, we shall have 



« = v'{-V-> P); tan.rt 



r 
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Hence we know the magnitude and position of J?. The co- 
ordinates «, tf of its point of application have already been 
found. 

Cob. 1. To find the equation of the straight line in which 
R acts. 

Let the equation to the straight line he y = Aof + B. In 

Y 

this case A is the tangent of the angle a ; therefore -<< = — , 

and y = — a? + B, 

Also, since G is a point in this line, when x = 8,y ^t. 

Y Y 

Therefore t^ —8 + B ; and B ^t — — s. Hence 

Y Y 

y = — a? + ^--^«; and Xy - Fa? = Xt - F«, 
X X 

% 

which is the equation to the line. 

Cob. 2. Putting for Xt and Ys their values, we have 

Xy - Yw = pi (yi cos. a^ - .ri sin. a^ 

+ P2 (^2 COS. a% - a?2 sin. ag) + &c. 
call this quantity L. Then the equation is 

Xy - Fa? = L. 

Cob. 3. In this case, when one of the sets of parallel 
forces, as that parallel to Axy is not reducible to a single 
force, (see Cor. 3, Art. 23,) we shall have X ^0^ f = inf. 
Hence 

_ „ Pi^i sin. ai + p^2 sin* «2 + &c. 

R:=:Yi cos. G = 0, * = — . 

Hence the resultant will be a single force par lei to Ay 9 and 
determined in magnitude and position by the above equations. 
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Cob. 4. But in the case when both the sets ot paralld 
forces are incapable of being reduced to single forces^ we shall 
have jr=0, F=0, « = inf. /=:inf. Hence jR = 0; and we 
have a resultant = 0, acting at an infinite distance. 

In this case the forces are equal to two, equal and oppo- 
site, but not in the same line, as in Cor. 3, Art. 23. 

26. Prop. To find the conditions of equilibritim of any 
number of forces acting in the sanie plane upon a rigid body. 

In order that there may be an equilibrium, pi must be 
equal and opposite to the resultant of p2, ps, &c. Hence — pi 
must be the resultant of p^, ^3, &c. And — pi cos. ci, 
— P2 sin. 02 will be the parts of the resultant which are pa- 
rallel to Ax^ Ay. Hence, by the equations of Art. 23, 

— Pi COS. ai = P2 cos. a^ + Pz cos. 03 + &c. 

— Pi sin. ai = P2 sin. a^ + Pz sin. 03 + &c. 

Hence 

Pi cos. ai + Pi cos. Og + ps cos. as + &c. = Ol 
Pi sin. tti + P2 sin. a2 + Pz sin. a^ + &c. = j 

Also the equation of the line in which — p^ acts must be 
the same as that in which the resultant of p^^ p^, &c. acts. 
And the latter equation is, (Cor. 2, Art. 25,) putting for X^ 
"Pi COS. ai, and for F, — pi sin. ai, 

— p^y COS. ai + PiW sin. ai = P2 (^2 cos. 02 — ^2 sin. 02) 

+ Ps (Vs COS. as - a?3 sin. 03) + &c. 

And this, which is true for every point of piS direction, must 
be true for the point Pi, where a? = a?i, y = y^ Hence, put- 
ting these values for x and y, and transposing, 

Pi (Vi COS. ai — Xi sin. oi) + P2 {y-z cos. 02 — ^2 sin. ao) 
+ 1>3 (yi COS. as - .^3 sin. as) + &c. = (2). 

This equation (2) and the two found above (l) are the 
equations of condition for the equilibrium of the forces. 
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Cor. 1. If a point of the rigid body, in the plane in 
which the forces act, be a fixed point, the equilibrium will 
subsist if the resultant of the forces pass through this point ; 
for the effect of the force will be balanced by the re-action 
of the fixed point. 

Let A be the fixed point. Then, in order that the re- 
sultant may pass through A^ we must have a? = 0, y = 0, at the 
same time ; 

or = pi (^1 COS. ai — ci?i sin. a^ + p^ (^2 cos. a^ — x.^ sin. a^ + &c. 
which is in this case the condition of equilibrium. 

27. Prop. Any number of forces being given, acting in 
any directions upon a rigid body, to reduce them to two sets 
of forces^ one set being in a given plane, and the other perpen- 
dicular to it. 

Let Ao}, Ay, A%, fig. 107, be three lines at right angles to 
each other. Let P be a point of the system, at which one of 
the forces acts, in the direction Pp, Let PD, PE, PF be 
three lines parallel to Asti, Ay, Az, and let a, jS, 7 be the 
angles which Pp makes with PD, PE, PF. Then p being 
the force, p cos. a, p cos./3, p cos. 7 will be the components 
in PZ), PE, PF, Let FP meet the plane yAw in O, and 
let OM and ON be parallel to Ay and Aw, 

If we suppose, at the point P, two equal forces in oppo- 
site directions to be added to the system, these will counteract 
each other, and the effect of the forces such as p will be the 
same as before. Let two forces, g in the direction PF, and 
g in the direction FP, act at P. Then the forces which act 
at P may be grouped thus, 

^cos.a and ^; p cos./3 and — g\ p cos. 7. 

Let p cos. a in PD, and g in PF have a resultant Ph : 

A P will be in the plane DPF: let it meet ON ill H. Ph 

acting at P is equivalent to Ph acting at If. And Ph at H 

may be resolved in two forces, p cos. a parallel to Aw, and g 

parallel to A%. 

1? 
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Since Ph is compounded of p cos. a in the direction HOy 
and g in the direction OP, we shall have, calling the co-ordi- 
nates of P, tV, y and %^ 

HO : OP (= x) :: p cos. a : gy 

»»^ Pi^rcos. a . , ^-,, ^^^ -,^ parcos.a 
.-. HO^- . And NH ^ NO " HO = Of -^ . 

g g 

Hence p cos. a and g at P, are equivalent to ^ parallel to Az^ 
and p cos. a parallel to ^<v ; both acting at a point H^ of which 
the co-ordinates parallel to 

Aw and Ay^ are w '- — , and y» 

g 

In the same manner p cos. /3 and — g are equivalent to a 
force Pk in the plane EPF, and this produces the same effect 
as if it acted at JT. And at K it may be resolved into 

p cos. /3 and —g. 
Also as before, 

^^^ PXCX}S.Q , ,^^ PZCOS.Q 

Hence p cos. )3 and — g are equivalent to p cos. )3 parallel to 
Ay and — ^ parallel to Az; both acting at a point K of which 
the co-ordinates parallel to 

Aw and Ay, are a? and y h ^ — . 

p COS. 'y is parallel to Ax, and produces the same effect 
as if it acted at O, of which the co-ordinates are w, y. 

Hence if pi is a force acting at a point of which the co- 
ordinates are Wi, y^, Xi, making with the three co-ordinate 
angles ai, )3i, 71; and if pg, p^, &c. be other forces; 
^29 ^29 ^2 9 ^39 ^39 ^39 &c. the corresponding co-ordinates; 
029 A, 78, ; as, fiz, 73, &c. the corresponding angles ; the 
forces pi, P2, ps, &c. wiU be equivalent to the following forces 
in the plane yAw; 



EQUILIBRIUM OF A RIGID BODY. 35 

Pi COS. ai, par. to Ajff, with co-ordinates Wi ^— ^and y^ ; 

Pi cos. pi, par. to Ay 9 with co-ordmates .^i and yi + — ; 

and to the following forces parallel to Az, 

Pi COS. 'yi with co-ordinates a?2, yi ; 

p, i^i COS. ai 
^1 with co-ordinates a^i — and yi ; 

. , ,. , Pl^l COS. A 

— ^1 with co-ordinates a?i and yi H . 

And to similar forces with the exponents 2, 3, &c. instead of 1. 

28. Prop. To find the conditions of equilibrium of any 
number of forces pi, pz, j»3, <S*c. acting in any directions upon 
a rigid body. 

The forces being resolved as in the last Article, the equili-* 
brium will subsist if the forces in the plane yAw, and the 
forces parallel to ^i^ be in equilibrium separately. Hence 
we shall have by Art. 26, these three equations for the 
equilibrium of the forces in the plane yAw: 



0); 



Pi COS. ai + P2 COS. ag + Ps cos. 03 + &c. = Ol 
Pi COS. )3i + P2 cos. fiz + Ps COS. ^83 + &c. = j 
Pi (yi COS. tti — a?i COS. /3i) + P2 (y2 cos. 02-^2 cos. fii) 
+ Pb (ys COS. as - a?3 COS. jSa) + &c. = (2). 

Also by Art. 24, we have, for the equilibrium of the 
forces parallel to Az, 

Pi COS. 71 + &c. = ; 

/ pi^iCOS.aA . 

Pi ^1 COS. 71 + ^1 (a?! 1 -^1^1+ &c. = 0; 

\ Ol ' 

/ Pi Zi COS. /3a ^ 
PiyiCos.7i + ^iyi-^if y^ j + &c. =0; 
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with other similar terms corresponding to p2f gs^ p^j gz^ &c. 
And these three latter equations become 

Pi COS. 7, H- ps COS. 72 + Pa COS. 73+ &c. = (1); 

Pi (wi COS. 7 1 — Xi COS. ai) + />2 (^2 COS. 72 — -J^i COS. as) 

+ Ps (^8 COS. 73 - «3 COS. as) + &c. = 0, 

/ • • . • (*)• 
l>i (yi COS. 7i - ;j?i COS. pi) + ps (yg cos. 72 - x^ cos. fig) I 

+ Ps (^3 COS. 73 - 5^3 COS. /Sg) + &C. = 0. j 

which these three equations, with the former three, are the 
conditions of equilibrium. 

CoR. 1. It has been proved that these equations are 
sufficient; that is, that if they are satisfied the equilibrium 
subsists. They are also necessary ; for except both sets are 
satisfied the equilibrium does not subsist. 

If possible, let the equilibrium subsist when the forces 
parallel to x are not separately in equilibrium. The equili- 
brium will still subsist if we suppose any line in the plane 
yAw to be fixed. But in that case, all the forces in the 
plane yAw will be counteracted by the resistance of this line. 
And the forces parallel to Ax will turn the system about 
this line in some of its positions. Hence the equilibrium 
will not subsist. 

And since the forces parallel to Ax are in equilibrium 
separately, the other forces must also be in equilibrium se- 
parately. 

Cob. 2. Let the rigid body be moveable about a fixed 
point. Let this point be made the origin of co-ordinates A. 
Then the forces may be resolved as in Art. 27. and the equili- 
brium will subsist if the forces in the plane yAx have a 
resultant which passes through the point -4, and if the forces 
parallel to -4^ have also a resultant which passes through A* 
Hence by Art. 25, Cor. 1, and by Art. 24, Cor. 1, we have 

P\ (y\ COS. ai - Wi cos. /3i) + p2 (y2 cos. a^-w^ cos. (i^ + &c. = 0; 
Pi (wi cos. 7i — Xi COS. ai) + p2 (a?2 cos. 72 — X2 cos. 02) + &c. = ; 
P\ (Vi COS. 7, - Xi cos. /3i) + P2 (yz cos. 72 - X2 cos. 1^2) + &c. = 0. 
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^ It appears from this, that the forces are to be such as to 
keep each other in equilibrium about three axes at right angles 
to each other passing through the fixed point. 

29. Prop. To find the condition which is requisite in 
order that a system offerees acting anyhow in space may have 
a single resultant. 

Retaining the notation of Art. 27, we may reduce the forces 
to the two sets mentioned in that Article. The resultants 
of these sets may be found by Articles 23 and 25 ; and if these 
resultants intersect each other, they may be compounded into a 
single force which will be the resultant of the whole. If 
the two resultants do not intersect each other, this will be 
impossible. 

Let pi COS. ai H- p2 COS. ag + &c. = JC ; 

Pi COS. /3i + p2 COS. 1^2 + &c. = Y ; 

pi cos.'yi + p2 cos.'y2+ &c. = Z. 
Pi (Vi COS. tti - a?i cos./3i) +P2 (y2 cos.a2-^2COs.)32) + &c. s= L ; 
Pi (wi COS. 'yi — Xi COS. ai) + p2 (<^2 cos.'y2— ^2 cos. 02) + &c. = M; 
Pi (%i COS. )3j - yi COS. 7i) + P2 (^2 cos.)32 — ^2 cos. 72 + &c. = JV*. 

Then we shall have for the equation of the line in which the 
force acts, which is the resultant of those in the plane yAw, 

JCy-Yw=:L; (Cor. 2, Art. 25.) 

and for the force ;which is the resultant of those parallel to 
Jx we shall have, by Art. 23, (as in Art. 28.) 

In order that these two forces may intersect, the point in 
which the latter meets the plane yAx must be in the line of 
the direction of the former. Hence the equation Xy — Yx =s L 



* The quantities Z, M, N are the moments of the forces p^^ p^ &c. projected on 
the planes 4^, ^«, yx respectively. These projected moments give rise to some re- 
markahle propositions. See Poisson, Traitt de Mec, Liv. iii. Chap. 11. 
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must be satisfied by the values of x and y in Zw « Jf, 

Zy = -iV; and substituting, we find 

LZ^MY^NX^O (a), 

which is the equation of condition required. 

30. Prop. In the case where it is passible, to find Uis 
resultant of any number of forces acting anyhow in space. 

The force in the plane yAx will be composed of X and 7, 
and the force at the same point parallel to Ax will be Z. 
Hence, if 22 be the resultant, and a, 6, c, the angles which 
it makes with lines parallel to Aw, Ay, Ax, we shall have, as 
in Art. 11, 

X , Y Z 

cos. a = — ; cos. 6 = — ; cos. c = — . 

R Jv Jv 

And the point where the resultant cuts the plane yAwis 
known by the equations Zx = J/, Zy = — N. 

CoR. It may be easily shewn that the equations to the 
line in which the resultant acts are 

Xy-Yw^^L, Zw-Xx = M, Yz ^ Zy = N (6), 

of which two only are necessary, the third being included in 
them in consequence of the equation of condition (a) of last 
Article. 

31. Prop. In the case where a number of forces are 
not reducible to one for ce^ they are always reducible to two. 

Without altering the conditions of the system, we may 
suppose, in addition to the forces of the system, two new 
forces Sy - S^ acting at the origin A^ and making angles a, 6,c, 
with the axes. And these forces and their angles may be 
so taken that the force 5, along with jOj, P29 &c., shall satisfy 
the equation (a), and have a single resultant. Thus the 
forces are reduced to this resultant, and to the force — S acting 
at the point A, 
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Cor. In this case the two forces to which the system is 
reduced are not determined in magnitude and direction. 

32. . The following example may serve to illustrate the 
preceding Articles. 

ABCDEFGj fig. 108, is a rectangular parallelepiped 
acted on by forces, which have their directions in the edges 
BE, CF, DG of the parallelepiped, taken so that none of 
them pass through A, and no two of them are in the same 
plane : to shew when there is a single resultant, and to find it. 

Let AD, AB, AC be in the directions of Aw, Ay, Az; 
let AD = a, AB = b, AC = c: and let the forces be Pi,p2, Pz- 
Then we shall have 

Pi COS. ai = pi, pi cos. /3i = Oj, pi COS. 71 = ; 

• 

P2 COS. a2 == 0, P2 COS. ^2 = P29 P% COS. 72 = ; 
p^ COS. a3= 0, p^ COS. )33= 0, p^ COS. 73= ^3- 

^2=0, ^2=0, ^2=c; 

a?3=a, ^3=0, ^3=0; 

Hence we have X= pi, F= p2, Z =^pz 

L =pi6; jJ/sspaa, N= P2C, 

And the equation of condition (a) becomes 

PiP^b + P2P^(^ + P1P2C = , 

a b c 

or — + — + — = 0. 

Pi P2 Ps 

If this equation be not satisfied, the forces are not re- 
ducible to a single force. 

Let pi, P2, be as the edges BE, CF. Then 

b a c 2a 

— ■= — ;.•.— = when the reduction is possible ; 

P» Pi Pz Pi 

ibc 
PiC; JV = p2C = Pi — . 
a 
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Hence, by Cor. to Art. 30. the equations to the line of 
direction of the force will be 



I. 

1 ^^ f 

^<r -piSf = -^PiC, or — +2ar = c 



These two equations determine the position of the force ; and 
its magnitude is known, being 

= V (Pi +P2 +P8)=Pi . 



If we produce DE to H, making EH ^ ED, BH w^ 
be the line to which the first equation belongs. And when 

Hence, if we bisect BF in JT, KH is the direction in which 
the resultant of the three forces acts. 



CHAP. IV. 



THE APPLICATION OF THE INTEGRAL CALCULUS TO FINDING 

THE CENTER OF GRAVITY. 

33. Prop. To find the center of gravity of any cum- 
linear body. 

Let PTBQQ' (fig. 109.) be any body : Aw the axis of 
w : and let the body be cut by planes PQ, P^Q\ perpendicular 
to Aw, 

Let G, G\ JT, be the centers of gravity of the portions 
of the body PBQ, P'BQ!, and PQa'P"; and let GH, O'lf, 
KLf be perpendiculars upon a plane Ay parallel to PM. 
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Let the mass PBQ^m, P'BQ' = m'; therefore we have 
PQQ:P'=m'-m. 

AIbo let GH = h, G'H'=h', KL = k. 

Now we may suppose the masses PBQ, PQQ'F', to be 
collected at their respective centers of gravity G, K: and 
since G ia the center of gravity of the whole mass, we have 
[Elem. Tt.) 

PBQ . GH + PQQ'P'. KL 



G'H'-. 



Hence, h = 



PBQ + PQU'P' 

' + (tn — m)k 



Now, if we suppose the plane P'Q' to come indefinitely 
near to PQ, so that PQQ'P" may become an indefinitely thin 
slice, K will ultimately be in PQ, and k ultimately =AM 
or w. 



Also i 



incrementu of mh and of m, will, by the principles of the 
differential calculus, ultimately become the ratio of theit' 
differentials. Hence taking the ultimate limits on both sides, 
which vill necessarily be equal, we have 



-_ d.mh d.mh dm 

Hence, — 




dm dw da 
dm 



and integrating in .r, mh = fi 
, dm 



We may thus find the distance of the center of gravity 
from the known plane Ay. 

F 
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If Aw J perpendicular to Ay , be a line alimg which ab- 
scissas are measured ; and if AM = w, MP = y, the curve may 
be defined by a relation between w and y, if the body be a 
plane figure, or a figure of revolution round Ax, and hence 

--— may be found. 

dw ^ 

In other cases we may suppose two planes, at right angles 
to each other, passing through Aai\ and if y and % be the 
distances of P from these planes, the surface of the body 
may be defined by an equation between <r, y, and ^r, whence 
dm may be found. 

If the body be symmetrical on the two sides of Ais^ 
supposing it to lie in a plane ; or if its section by every plane 
passing through ^^ be symmetrical to Awj supposing it ex- 
tended in three dimensions; its center of gravity will be in 
the line Aof : and hence, to determine its position, it is suf- 
ficient to find the value of GH. 

If the body be not thus symmetrical with respect to Aw, 
its center of gravity will not necessarily be in that line. In 
this case it will be necessary, if the body lie in a plane, to 
find the distance of the center of gravity from some other line 
besides Ay; for instance, to find GF its distance from Ax: 
this may be found in the same way as GH. If the body 
have three dimensions, it will be necessary to find, by similar 
methods, the distances of the center of gravity from three 
known planes, which will determine its position. 

We shall consider the cases separately. 



1. A Symmetrical Area. 

34. Let PAp^ fig. 110, be a curvilinear area symmetrical 
with regard to AM. We may suppose it to be a lamina of 
matter whose thickness may be neglected ; or, if the thickness 
be supposed finite and constant, the position of G will be 
the same. It is manifest that the weight or quantity of 
matter of any part, supposing the density uniform, will be 
as the magnitude, or as the area of that part, and may be 
represented by the area. 
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Now if the abscissa AM (fig. 110,) = w^ and the ordinate 

dnh 
MP = y, -— is the differential of the area PAp^ or 2y ; 

hence, if GA = A, we have, by Art. 33, 

X2ya? f^xy 



h^ 



fs^y fxV * 



We shall give some instances of the application of this 
formula. 

Ex. 1. The equation to a curve is y = ; to 

find the center of gravity of its area, 

J* a 3a 

C being an arbitrary constant; and if we suppose the area 
to be taken from the point where w and y =0, 

'' Js a a 

But ;...(.«-^)4 = -^:(^+^i^» 



ra .yar — xy /•, 

J* 3 ^* 

.-. 4j;a^ (a* ~ 0^)* = - /r. (a« - ^r^)' + a^•j!;(a« - a^)i 
- 4? (a^ - a;*)* + - . L . (a^ - aP)^ + a^ arc (sin. » -U + C ; 



• By the formula /,Mt- = ««—/• wj-; see Lacroix's Elementary Treatise, 
kc No. 148. 
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' ' J» a 

= — .|-2a7(a"-a?*)* + a*a?.(a*-.i?')i-f-o*.arc(8in. = -|| + C 

= — .|(a'-ai*)*.(2a?*-a*).a?H-a*.arc[8in. = -ji + C: 

and the integral being taken from at^Q^ and y » 0, we have 
C = 0. 

{a? - aF)h . (2»v' - o*) . a? -f- a* . arc [ sin. » - J 
Jlence ^ = - . ^^y— 

If we take the whole curve, that is, make or a a, we hare 

TT 



a*.- 



3 2 ^Stt 

"" 8 * a* " Te ' ^' 

Similarly, we should obtain the following results : 

Ex. 2. If PAp^ fig. 110, be the common parabola, 

AG = -AM. 

5 

Ex. 3. If PAp be any parabola whose equation is y*"^* 

2m + 3n 

Ex. 4. If PJp be a segment of a circle whose center is Cf 

PM' 



CG 



3 area AMP 



Ex. 5. If BAb be a semi-circle; center C; (fig. 110.) 



CG = — ^C 

37r 



TO FINDING THE CENTER OF GBAVITT. 45 

Ex. 6. If PAp be any eegment of an ellipse, whose* semi- 
axes are CA = a, and CB = b ; 

CG 



V S area AMP 



Ex. 7. If BA 6 be a semi-ellipse, with center C ; 



CG^ — AC. 

Sir 



Ex. 8. If PApj fig. 112, be any segment of a hyperbola 
whose semi-axes are CA^a^ CB=:b; 

^^ a^ PM^ 



h" SaxesiAMP 



Ex. 9* If P^JShp' be a segment of the area contained 
between the two hyperbolas which are conjugate to PAp; 

^^ b'' SP'Bbp' ' 

Ex. 10. If BP' be a rectangular hyperbola whose asymp- 
totes are CE and Ce, and if we complete the parallelogram 
P^O, we have for the area PP'Q^Q; 

area P'O 
^ area PQ! 

Ex. 11. If PAp^ fig. 110, be a cycloid; axis AC; we 
have for the whole cycloid, 

AG^—AC. 

12 

Ex. 12. If PApC be a sector of a circle; center C; 

2 AC .Pp 2 rad. chord 
CG = - . — — = - . '" . 

3 arc Pp 3 arc 



2. A Curvilinear Area not symmetrical. 

36. Let BCQP, fig. ill, be a curvilinear area bounded 
by two curves BP^ CQj and their ordinates. Let G be its 
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center of gravity, and GK^ GH the co-ordinates of this point 
parallel to the known lines Aw and Ay, Then we may find 
GH as before, by the formula 

^ dm 

m 

dtn 
where the value of -— - is the differential coefficient of the 

dx 

area BCQP. 

dm 

If AM^Xj MP-y, MQ=y\ we have 3— = y-y'; 

dx 

••* = 7¥^?)" ^'^- 

But if we take the integral of 1 with respect to y^ sup- 
posing the integral to begin when y is y\ it will be y-y : 
or y-y=fy^' Hence we have for A, 

When an integral is to be found by two integrations, 
thus indicated by the double sign jij^, the first integration 
is to be performed considering y as the variable quantity, 
and w as constant. We must then substitute for y the value 
which it has as a function of <r, according to the manner in 
which the integral is limited, and must integrate the resulting 
expression considering 00 as the variable quantity. 

Now if we perform the integrations with respect to y 
and 0? in a reverse order, we shall evidently obtain the same 
result. 

Hence, instead of fx^jyl^ we may use jyJg(Xi\ and f^jgl 
instead of fxfyl- 



x" 



But lyj^X = fy— + C 



where w' is the value of x when the area begins, and x the 
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value where it ends, corresponding to a constant value of y. 
Hence 

hJ^^^ffi 

In the same manner if A; be the ordinate GK, we shall 
have 

where y and y are the first and last values of the ordinate 
corresponding to a given value of x. 

The value of k may be found by formulae corresponding 
to any of those which we have obtained for h : and by taking 
a value of h and a value of ky we determine the position of the 
center of gravity. 

Thus we may take formulae (l) and (4), putting ^(y — y') 
for /,/yl. 






(5). 



In these formulae the value of y in terms of <r is to be 
substituted, after which the integration is to be performed 
with respect to a?, and to be taken between the limits corres- 
ponding to the extremities of the curve. 

If the curvilinear space be bounded, as ADB^ fig. 113, by 
the abscissa, the ordinate and the curve, we shall have y = 0. 

A = ^; k^^4. (6). 

If the curvilinear space be bounded, as ACD^ fig. 114, by 
the lines Aw^ Ay, and by the curve, we might use the formulae 

hJj^, ft=kf (7). 
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the integraticm in the first beginning when « s 0, and in the 
second when ^ = 0. 

Ex. 13. Let AB^ fig. 113, be a parabola whose axis is 
AD : to find the center of gravity of the space ADB, 

Let ^B €x ; and by formula (6), 

Now jiy = ^ci<2?* = |-c*«r , 
Xy«r = j;cia?J = -f-c^^ci, 

Hence, if we take AH = \ AD^ and -^JT = \ AC^ by com- 
pleting the parallelogram, we have G the center of gravity of 
ABD. 

3. A Solid of Revolution. 

dm, 

36. In a solid of revolution, whose axis is A «r, = w v* ; 

dw 

hence 



h = 



fs^y" Lf ' 



And the center of gravity will be in the axis Aw : hence if we 
measure this value of h along Aw, we have the center of 
gravity. 

Ex. 14. Let PApi fig. 110, be a segment of a sphere whose 
center is C; AC = a, AM = a?, AG = A, 

, Saw-3af^ 
h = --. 

And for the whole hemisphere, when /v » a, 

5a 
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Ex. 15. Let the body be a segment of a spheroid gene- 
rated by the revolution of an elliptical segment PAp; the 
center of gravity will be the same as that of a segment of 
a sphere with the same axis and center C; or, as before, 



^ = 



8aw-3{v^ 



4(3a-a7) 



5a 
And for the hemispheroid, A = — . 

Ex. 16. Let PApy fig. 112, be a hyperboloid with center 
C; CA^a, AM^w, AG = h, 

Saw-3a^ 

h — -7 -. 

4(Sa -f 0?) 

As (D becomes very great, the value to which this tends is 

3d? 

which agrees with the expression for a cone. 
Ex. 17. If PAp be a paraboloid ; 

""i"' 

Ex. la. If the figure be a frustum of a paraboloid, of 
which the radii of the less and of the greater ends are a and 6, 
and the length of the axis a?, the distance of the center from the 
smaller end, A; 

0^+26^ a? 



h^ 



a« + 6» * 3 



Ex. 19. If PAp be a solid generated by the revolution 
of any parabola whose equation is 

m-\-3n 

h = ' . w, 

G 
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4. Any Solid. 

37. Let PBQj fig. 115, represent ony solid bounded by 
a surface to which we have an equation in terms of three rect- 
angular co-ordinates of, y^ z. Let il <r be the direction of one 
of the co-ordinates, and let the body h be cut by a plane PM 
perpendicular to Aw. Let A be the area of the section of the 

body made by this plane. Then — — wiU = A. 

Now the boundaries of the plane A perpendicular to AM 
wiU be determined by the co-ordinates y and z^ which are per- 
pendicular to AM J and in the plane A. Hence we shall have 

A = fyZ^ or as before A = j^/,1. And -— = J^j^l ; 



doD 



.•. h = 






Or, since> as in Art. 35, the order of the integrations is 
indifferent*. 



similarly, k^W^, 



mri- 

k, I being the co-ordinates of the center of gravity parallel 
respectively to y and to z. 

If we suppose the integration in i^r to be performed, we 
shall have 



• The expression for the soUdity of a body is /r/y*. Simflariy it is /,/i*, 
and fg/gy. The expression /«/,/« 1 comprehends aU these three. For the oider 
of the integrations is indifferent as in p. 46; and if we make the first integntiin 
with respect to *, we ohtamfg/gM : if with respect to or, we havey>/s*; if with re- 
spect to y, we have fg/, 1. Similarly /,/gfg I is the same as /*/,/,*; and so of 
the rest 
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^ ^ Uy'^^ 



k = 



I4yy« 



/= -^-^ 



«« 



2/4 



^ 



And z being known in terms of a?, y, its value may be 

bstituted, and the integrations in y performed, between the 

'oper limits. Then the value of y in terms of a? may be 

bstituted; and the integrations performed with respect to 

will give the value of h. 

Ex. 20. Let the body be a fourth part of a paraboloid 
■ revolution; as ABCDy fig. 115; cut off by a plane BJC 
^rpendicular to the axis, and by two planes BAD, CADy 
^rpendicular to the preceding and to each other ; to find its 
jnter of gravity. 

Let A be the origin, and AB, AC, AD- the axes of the 
'ctangular co-ordinates a?, y, %, respectively. If AM = «r, 
A^ = MO = y, OP = %, the equation to the surface will be 

here AB or AC = a, and the axis AD = — , 

h 

ind, integrating first for y. 



= i/,(a«y-^y- j). 



The limits of the integration for y are determined by the 

ature of the part considered ; if it is to be bounded by a 

•lane RNO parallel to the plane of offz at a distance AN, 

must be taken from o to AN; and in the next integration 

lust be supposed constant. Hence we have 
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Where the limits of the integration for w are determined 
in the same way as for y. If the solid be bounded by a plane 
QMO parallel to the plane of yx, at a distance a? « AM^ the 
quantity now found expresses the solid; or 



soiidAP^'l^^^^^^) 



3b 



If the solid be not bounded by a plane RNOy but con^ 
tinued till its surface meets the plane CAB in Cm, we must, 
after the integration for y, put for y the value which it assumes 
by making 

» = 0, or 07* -f y*= a*, whence f^= a*— <»*. 
Hence 



which (taken from a? = 0) gives the solid ACmQD 
= •j-\^w(a^~af^)i+ 3a*«r(o*- a?*)i+ So*, arc (sin. = - 

And if we take the whole solid, w must be taken =^ a ; 



ID 



TT 



this case the arc will become — , and we shall have 

2 

whole solid ABCD = . 3a* . — = . 

3.8.6 2 Sb 

The solidity of the whole might be more simply found; 
for it will manifestly be -^ of the whole paraboloid; and a 



TO FINDING THE CENTER OF GBAVITY. 53 

paraboloid is ^ the cylinder on the same base (rad. s a), and 
^th the same altitude ; hence 

whole solid = - . - ^ra^. — = — r- 9 as before. 

4 2 b 86 

We now proceed to find fgfy^x, 



h ) 



^/.^/yC^'-^-!^) 



= lfs^{fy-^y--)'^ 



the limits of y as before. On the first supposition, that the 
body is bounded by planes RNO, QMO, we have 



fsfy^Z = - ^ 



1 (a^a^y w'^y a^f^\ 
2 4 6~/ 



- 126 ' 

hence, for JP, 

6 {<2?2 y (6a2- 3^- 23^) } 
" 4fb{afy(3a^-a^-f/^)] 

_a? 6^-3^-2^ 
" 4 ' 3d^- aj^" y* 

If we suppose AMON9 the base of the figure, to be a 
square, or y=(v; this becomes 

" 4 '3a^-2a?^* 

If we suppose the quadrilateral curve surface DQPR to 
have its itngle P in the circumference of the base jBC, as at 
w, we shall have «r = ; and hence 
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^-f y*« a% or y'= a*— ^ ; and hence for the solid Mr^ 

CD 4i(l — »P* 

As — . , 

4 2a* 

On the second supposition, that the surface of the solid is 
to be continued till it meets the plane ABCy we must, after the 
integration for y, substitute for y its value in that plane, that 
is, y = \/(«*- ^*) ; hence we have 



f'fy^^ = ^>d47 ^a«y ^ai^y^Vj 



cP—sf^ 



= i/.*(o»-^-^) VC-*-**) 



2 

taking the integral from a? = ; and for the whole solid JBCD, 
or when a? = 0, it becomes 

"" 36' 5 "" 156* 

Hence, for the whole solid ABCDy 

2a* 86 l6a a 

h = — - . — 7 = = - , nearly. 

156 Tra* 157r 3 ^ 

In the same way it might be shewn that, for the part of 
the solid bounded by planes parallel to the planes of (bz and 
wy^ we have 

, y 6a*-St^-2jr2 



4* Sa^-y^-at^ 



3|a*-?aH*«+y«)+?^V + i(^Vj^)j 



26.(3o''-ir«-/) 
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And for the "whole solid^ 

, l6a 

k = , 

15ir 

6* axis 
lich last result also follows from Ex. 17. 

5. A Plane Curve. 

38. When the body is a curve lying in one plane, if we 
ppose it to be a physical line of inconsiderable thickness, ds 

jing the differential of its length, -r— will be as -—- . 

dw dw 

Hence, 

f. ds 

- ds 
^'di 

But we have -— = \/ ( 1 -f -~- ) (Lacroix, Elementary 

dw ^ \ darf 

^reatise. Art. 75.). Therefore 



A = 



W(.^S) 



Similarly, k = 



/V(i- 


•"d^j 


- ds 




. ds ^ 
^'dw 




i;yv(i+ 


dy*\ 

daJ*J 



or, k = ^ -^- 



i 
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If the curve be symmetrical with respect to ^ jr, it will be 
sufficient to find h^ since the center of gravity will be in ^.r. 

Ex. 21. Let PApi fig. 110, be a circular arc, center C, 
radius = a. 

Let arc AP = « ; .'. CM ^ w ^a. cos. — ; 

a 

ds f, 8 ds . 8 

.-. Lof -;— = aL cos. - . -— = a? sin. . 
dof a dor a 

And if the whole arc be 2/, and its middle point A, the inte- 
gral must be taken from 

8=^—1 to 8^1; .*. /^o?— - =2a*. sin, - . 

dw a 

Hence CG^h 2 = «-^^°Urad. = o) 

2/ 2Z 

radius . chord 



arc 



CoE. Hence for the semi-circle, A = — . 

TT 



Ex. 22. Let APBy fig. 113, be a semi-cycloid with axis 
AD. 

AD 2 

AH^h^^^, HG^k^DB-'-AD. 

3 3 

Cob. Hence CK = DH. 

Ex. 23. Let PApi fig. 110, be a catenary of which A is 
the lowest point. Take AD vertical and equal to a length of 
the string equivalent to the tension ; then 

T.^ 1 T.,^ DA. MP 

DG^i DM + — ^- . 

* PAp 
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6. A Curve of double Curvature. 

'. Let 8 be the length of the curve ; and, as before, 

ds 

— . Then, if ^, y, z be the rectangular co-ordinates 



curve. 



ds 
dw 



= '^['^%^%)^'^^ 



f, ds ^ ds f, ds 

La?—— Jxy^r- ix^t" 

, doD ^ doG ^ ^ duo 

A = — ; A;= , / = — — 

- «« ^ a« ^as 

dw dw dof 



. 24. Let the curve be the thread of a screw, of which 

s is A%. 

thread, projected on the plane <i?y, will become a circle; 

/p 
I be the radius of this circle, a^= ^-f y*. Also - will 

a 

cosine of the arc of this circle, corresponding to any 

n the curve, and % will be proportional to this arc. 

:he equations to the curve are 



y = \/(«* - ^)j 



x^m . arc 



(cos. = I) , 



; a constant quantity, and the thread of the screw being 
d to begin in the line Aof. 

Hence 



da; ^{c?-a?y 
d% m 



4:V( 



d^ d«*\ 

dtj^ da?) 
H 
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= — o ^ 



Hence also 



ds _ \/(a* + »»*) dz 
dtD tn dos 



^^.•K±<t.. 



m 



which begins when w ^ a. 

Al«)/,|l=/,-v/(«*+»»') 







(a-jr)y^(o*+iii*). 


which also begins 


when 


X ^ a. 




And jgZ 


ds 

dw 




d<r 






^{a*+m?) «* 








m 2 


1 


Hence 










h- 








k 


7i» (a - .r) 




1 


I 

1 


2 





If a? = o, that is, if the spiral consist of a complete nuiD 
ber of revolutions, ^ = 0, Af = 0. In this case the center o 
gravity is in the axis, and in the middle of its length. 



TO FINDING THE CENTER OF GRAVITY. 69 



0? = 0, A s= , Jc — : in this case the spiral con- 

■ a complete number of revolutions together with a 
of a revolution. 



7. A Surface qf JRevolution. 

ds 
If s be the length of the curve, 2 wy ^ is the diflTer- 

soefficient of the surface with respect to Wy and, as 

tlvn. 

this may be put for — -. Also the center of gravity 
in the axis of revolution. Hence 



A = 






. 25* tf the surface be a cone, and h the distance from 

tex, 

. 26. If the surface be a sphere, and h measured from 
,>ex, 

2 



8. Any Surface. 

Let the surface be defined by any equation t^ = 0, 
i w^yyX ; whence we may find % in terms of ^ and y. 

d% d% 

t -^ = p, -p- = Of ; A, A;, ^ as in Art. 37. The differ- 
doB dy 
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ential coefScient, taken with regard to a and y sucoessiTely, 
of the surface, is (1 + Jt* + tf)i ; hence as before, 

U(l+P'+90*' 

Ex. 27- Let a conical surface be divided into four parts 
by two planes perpendicular to each other, passing through 
the axis. To find the center of gravity of one of these parts: 
as BCD^ fig. 115 ; DB and DC being supposed to be straight 
lines. 

If we make the vertex D the origin of co-ordinates, the 
axis the line of x^ and measure x^ y, parallel to AB^ AC^ 
respectively, we have 

Where m is the tangent of the angle which the slant side 
makes with the base. 



Hence 



d« ma; 



^ = 



dw ^(a^+j^)' 
dx my 



dw \/(^+y*)' 

And if the curve surface be a quadrilateral figure DQP^ 
bounded by planes parallel to those of the co-ordinates, 

this = (l 4- m^)^ wy. 
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But i£ we take the surface as bounded by a plane BAC 
perpendiculiar to the axis at the distance a = DA, we must 
have, after the integration for y^ z — a^ the axis ; 

m 

(1 + fi»0*f, « « .a «* / . ^^\ \ 
55 -i ^Uar-nirary . a? + — .arclsin. = 1 > + const. 

2fii y m \ a I ] 

Of 

and, from a; s o to /v s AB s — 

m 



(l + iii*)i c? .IT (l + niF)^ . Tra 
2m ' 2m 4m* 



2 
5 



which might be deduced also from the known method of 
finding the surface of a cone. 

To find the numerator of A, we have it 

= (1 + mO*/x/y^ = (1 + ^')*/*y^» 



(1 + m*)* 
and, for the quadrilateral DPQR, = yw 



But, for the whole surface DBC, 



,2 



- « 2^ -2- (flt« « m*a?*)' + constant 



3m 



and, taken from d? = to w-ABsz — 
' m 



(l+m^)*q^ 
3m' 
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The numerator of k will manifestly be the same. 
Similarly, for the numerator of /, 

= (i+fli»)*jCX«» («* + »*)* 

in which the denominator <v is given to the quantity under the 
logarithmic sign that the integral may begin when y~0. 
For the quadrilateral surface DPQRf we must now int^rate 
for <v, supposing y constant ; and the double integral becomes 

(l + m*)4 . m 



La.y.{a^+y')i + ai'l^J^^^^-t£l 



+ !^1 



ir + V'(«* + y') 



For the whole surface DBCy we must, after int^radng 

for y, put for y the value -^ ~; and it becomes, 

m 

(2 H- m*)4 . w rja \/(a* - m*a;*) \/(o* - fnfa^ + a) 

2 Js\ m* ma? j' 



and the integral being taken from w = to <v = ^ ; this becomes 

m 

(l+fn^i.Tro* 



Hende, for the whole conical surface, 

(l + m^)i . a? ^tr^ 4o 



A = ^ = 



Z = 



3w^ ' (1 +m*)4.'7ro^ ^irm^ 



6m* * (1+ m*)4 . 7ra« S ' 

which last agrees with Ex. 35, as it should. 

For the center of gravity of the quadrilateral surface 
DPQBf where AM-x^ AN-y^ we have for A, Ap, Z, other 
expressions which are easily deduced from the results given 
above. 
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TO FINDING THE CEN' 



Guldinus's Properties*. 



PHfti*. If any planw Jiffure revolve about an a-eis 
own plane, the content of the solid generated by this 
in Ub revolution is equal to a prism whose base is 
molving figure, and its height the length of the path 
bed by the center of gravity of the plane figure. 

he figure may either be bounded by straight lines, or 
I ; or by a combination of the two ; and the revolution 
ake place either through a whole circumference or any 
)f it. 

7e shall suppose the whole of the revolving figure to 
one side of the axis. 

et AB, fig. 116, be the axis of revolution, PQR the 
; G its center of gravity ; GK, PQM, ordinates per- 
;ular to AB. And let the figure revolve into the 
m P'dR'., the angle PMP' being =9. Also let 
■.w, PM = y, MQ = y', GK = k. 

he sector PMP'='^fe, and QM^ = ^y'^e. Hence 

P(lQ:P'=^(f-y')e; 

lence the small increment of the solid PR' corresponding 
is ^(s' -y''')6i^- Hence the solid 



¥ 



-JM-y")- 



Iso the prism whose base is PQR, and altitude the arc 
is=PQffi.GG'; a.T,A area PQR = f,(y - y"), GG'=ke. 
: this prism =k9fi(y — y'). 



my!, 



formula (5) for k, in Art. 35, we 1 

»J[b-!'')»i/.(</"-s')- 



ItionB known by this nsme «i 
1640, by Guldin or GuldinuB, 
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Therefore the figure described by the revolution of PQR is 
equal to tbe priBm mentioned in the Proposition. 

If the figure be composed of several curves, or of straight 
lines, both the numerator and denominator of k will consist of 
several integrals added together, corresponding to the different 
parts of the figure. Also both the area of the figure, and 
the content of the solid will consist of parts corresponding 
to these; and the solid and the prism will be found to be 
equal in the same manner as before. 

43. Prop. If any plane figure revolve about any 
a.via in its own plane, t/te area of the surface generated 
by the perimeter of this figure in its revolution is equal to 
<t rectangle, one of whose sides is the perimeter, and the 
other the length of the path described by the center of gravity 
«/ the perimeter. 

The denominations remaining as in last Article, let &s be 
the small increment of the length of the curve corresponding to 
i^; and since yd is the length of the path described by P, 
y9. Ss is the increment of the surface described by the re- 
volution; and 9 ft y -7- in the whole surface. ^^^M 

Also the whole perimeter is / -j— ; and if G be now 
its center of gravity of the perimeter, k9 is the path described 
by the center of gravity of the perimeter; and k9 I — is the 
rectangle mentioned in the proposition. 

But by Art. 38, ^^1 

Jido! ax ^^H 

whence the proposition is manifest. 

44. Hence we may iind the contents and areas of surfaces 
of revolution whenever we can find the area or perimeter of the 
revolving figure and its center of gravity. 

Ex. 28, Let the figure be a circle which, revolving round 
an axis without it, generates a solid, resembling a cylinder 
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bent HO aa to return into itself, or the ring of an anchor. 
The center of the circle will he the center of gravity both 
of the area and of the perimeter. Hence, by Article 42, 
the solid content of such a ring is equal to the cylinder whose 
base is the revolving circle and its length the circle described 
by the center of the circle. Also by Article 43, the surface 
of the ring is equal to the rectangle contained by the cir- 
cumference of the revolving circle and the path of its center; 
diat is, it is equal to the surface of the cylinder before- 
mentioned. Hence if we could suppose that the ring was 
cut through in some part, and unrolled into a cylinder so 
that its axis should remain of the same length as before, 
both the solidity and the surface would continue unaltered. 



THE EQUILIBRIUM OF A FLEXIBLB CODY. 

45. The equilibrium of a flexible body depends upon 
the same conditions as that of a rigid one, and may be de- 
duced from the principles already laid down. These principles 
may be applied by observing that, in all cases, a flexible, 
hitdy may be supposed to become rigid after the equilibrium 
M established: or, that the forces which keep a flexible body 
at rest would keep at rest a rigid body of the same form. 
For after the body has assumed the form which the forces 
produce in it, there is no tendency to change the form ; hence 
it makes no diflerence whether we suppose the body to have 
the property of resisting a change of form or not; that is, 
it makes no diff'erence whether we suppose the body to be 
rigid or flexible. 

We shall suppose the bodies to be perfectly flexible, that 
is, to offer nil resistance to any change of figure. 
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The Tension of a string or chain is the force exerted 
by one part upon another contiguous part in the direction of 
its length. £yery point of the string must be acted upoD 
by equal and opposite forces of this kind: and a force of 
the same kind is exerted upon any fixed point to which the 
string is attached. 

We shall consider the equilibrium of a flexible line*, 
acted on by various forces. This line may be supposed to 
be a cordj indefinitely slender and perfectly void of stifiness; 
or a chain composed of indefinitely small links. On this 
account the curve formed by the line is called the Catenary, 

1. The Catenary, when a uniform Chain is acted m 

by Grravity. 

46. Peop. Tojind the equation to the catenary between 
^^(^and s, beginning at the lowest point 

Let AB^ fig. 117, represent the catenary. Let C be the 
lowest point, CM vertical =«», MP horizontal =y, CP^^- 
The portion CP may be supposed to become rigid after it 
has assumed the form of equilibrium; and since its weight 
and figure remain the same as before, it will be supported 
in the same manner. Now the forces which act upon the 
portion CP are, besides its own gravity, the tension at ^ 
and the tension at P : and these three forces must keep CJ^ 
in equilibrium. Also the tensions are in the directions ^^ 
the tangents RC and RP at C and P, 

Let PR meet MC in T, PM will be parallel to B^^ 
and hence the three lines MT, PM, TP are parallel ^ 
the directions of the three forces (gravity, tension at ^^ 
tension at P), which keep CP at rest, and hence (Ekm. T^"^'* 
the forces will be as those three lines. Hence 

tension at C MP 



weight of CP TM 



* Flexible bodies may be lines, surfaces, oi solids. A flexible line can V3- ^ 
cases be extended into a straight line. A flexible surface is not necessarily ^^ 
ceptible of being unrolled into a plane, without stretching or tearing; if i^ 
capable of this, it is called a devehpeUfle surface. 
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Let the tension of the string at C be equal to the weight 
of a length c of the string; the weight of the length CP 
will be as CP or s; and the first side of the above equation 

will be -. Also -— will be equal to the second side. 
8 da? 

Hence - = --^ (l); 

s aw 

from which equation the properties of the curve may be 

deduced. 

If we square both sides of equation (l) and add unity 
to them, we have 

8^ \dw) \dw) 

doB 8 

■■ d^" VCc'+O 

and integrating with respect to «, supposing 8 — when <r = 0, 

a? + c « ^{d? + ^) (S). 

Hence also we find 

«« \/(^ + 2ca?) (4). 

Cor. 1. If the angle which the curve makes with the 
vertical be called a, we have 

dy c 
tan. a = -;— = - ; 
dw 8 

doD 8 

COS. a = 



ds \/(c^ + «^) * 

CoE. 2. For the tension at any point P, 

tension at P _ TT _ d8 ^ y/{& h- Q 
weight of CP "" 'TM "" d^ " i ' 

and weight of CP = «; .*. tension at P = \/(c^ + «^) = a? + c. 
Hence, and from the last Corollary, it appears that 

tension at P= . 

cos. a 
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Cob. S. If we take CD = c, and draw DQ horizontal, 
and PQ vertical, PQ = DM =^w + c^ tension at P. 

Cor. 4. If we put DM = «, w ^u — a^ and hence 

u = \/(«* + a*). 

47. Prop. Tojind the equation between y and s. 

As in last Article, 

9 dw , . 

-c-J, <" 

Integrating with respect to «, supposing y = when « = 0, 

y = li±vV±^ (3). 

Hence, e*" = ^^-^ ^, 

c 

... r^ = ^ ^ yV+^ji^ 

Subtracting, and reducing 

c f ^ ^\ 

. '-.('•-'•) -■■»• 

Cor. We have 

tension at P _ TP ds _ \/{^^ ^) 
tension at C TM dy c 

(J 

Also as before, tension at P = —, . 

sin. a 
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48. Prop. To find the equation between x and j. 

If in the equation (l) of last Article \ve put the value of s 
•om (4), we have 

Integrate with respect to y (^ = when y = 0), 



Cff + C 



^[^' +€^) (2). 



Again, if in equation (l) of Art. 46, we put for s its 
lue from (4) of that Article, we have 

dy ^ c 

ddB " ^{a^-k-^cai) 

Integrate with respect to a?, 

.^^^.^^+c+vV+fc^) ^^. 

c 

49. Prop. To find the equations to the catenary be- 
Inning from any point 

Let A9 fig. 118, be a point which is considered as the 
eginning of the catenary, AP any arc. Let the curve of 
quilibrium be continued if necessary, and let C be its lowest 
K>int, Let AN vertical = a?, NP horizontal = y, AP = s. 

The portion AP will be kept in equilibrium in the same 
brm whether we suppose it to be acted on at A by the tension 
rf CJ, or by the re-action of a fixed point. But if we sup- 
^K)8e AP to be a portion of CAP^ its form will be determined 
» in the preceding Articles. Let c be the tension at the 
West point C, CP = «', and we have as before, 

%|^ (0, 

8 dw 
for -^ is the same whether <r and y be CM, MP, or AN, NP. 
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I (da; da\ 
\dy dyf 

(sin. a sm. a) 



dy 
Also c = «-—«= f tan. a, and v = A ; 
aw 

, 1 + COS. a ^ , a 

.'. h — I Ian. a 1 — : = tan. a 1 co-tan. - ; 

sm. a 2 

h J a 

.*. - = — tan. a . I tan. - . 
/ 2 

From this equation we have to determine a. This cannot 
be done directly, but it is easy to approximate to it with suf- 
ficient rapidity. For this purpose it will be proper to adapt 
the formula last found, which is calculated with Napierian 
logarithms and a radius = 1, to the common tables. Let 
Tan. be the tangent and R the radius of the tables ; the Nar 
pierian logarithm of 10 = 2.3025851 = ilf; and making log. 
signify the logarithm to base 10, we have 



h 
1 



rw. Tan. - 

Tan. a ,^ , 2 

. M . log. 



R 



R 



Tan. a ,, , R 

.M. log. 



R 



Co-tan. 



a 

2 



Tan. a 
R 



.M.l log. Co-tan. — log. R j ; 

.•.log.-=log.Tan.a+log. /log. Co-tan. — log.iJ j H-log.il/-log.-R, 
whwe log. R = 10, log. M = .3622157. 



h 



Assuming values of a, we may calculate ~ , and by observ- 

V 

ing the error of the result obtain a more accurate value of a. 
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Ex. Let the- string BCB'^fiBB', to find the position. 

A 1 — ' 

We have log. - = log.- = 1.6989700. 

By a few trials we shall find that a = 13° will nearly give 
this value by the formula. 

15** would give log. - = r.7002484; therefore 13® is too large : 
1^.S0\. log. - = r.6904752; therefore 12^30' is too small. 

V 

Hence, since the differences of the results, when very 
small, are nearly proportional to the differences of the suppo- 
sitions ; 

7002484-6904752 : 7002484-6989700 :: 30': 4', nearly. 

Therefore a =s 13®- 4's= 12®. 5& very nearly ; and by repeat- 
ing the process we might obtain the. value of a still more 
accurately. 

Knowing a, we know a = = / sec. a. 

cos. a 

To find the depth £C, to which the vertex hangs, we 
have, by Art. 49, 

EC = BF - CD - a - a sin. a = / . (sec. a - tan. a). 

For c, the tension at the point C, we have, by the same 
Article, 

c = a sin. a = ^ tan. a. 

In the case just mentioned, where Z = 2 A, we shall have 

a = 2.152A; 

c= A59h; 

EC = 1. 693 h. 
K 
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If it were required to find the form of the curve wl 
a is 45^ it might be obtained directly from the formi 
which gives in this case 

- = 1.1346. 
h 

51. Pbob. II. J chain of given length APB, Jig. 118, 
is stMpended from two given points Ay B, not in the same 
horizontal line ; to find its position. 

Let s represent the whole length of the chain, and x and 
y the ordinates of the point JS, measured from A ; and there- 
fore given quantities. By equation (3), Art. 49, we have 

a*-h 2a«.cos. a + «^=(a + 0?)*= c?-\-2aw + ^; 



.*. a = 



Hence ^(o*+2a« . cos. a + «*)=a-fa? = 



2 (<r — « COS. a) 

^"Stsw .cos.a + ^ 



a COS. a + * = 



2 (j? — « COS. o) 

2«<r — «*.cos. a — a?* cos. a 



2(a?-«cos. a) 

But by (6) Art. 49, 

1 \/(w*+ 2o« . COS. a + «^) H- (a . cos. a + «) 

j^ a a . sm. a 1 y- ^ , 

a(l + COS. a) 

ij?^a^). sin. a , («^+ 2* a? + a?^) . (1 — cos. a) 
2 (j? - « . COS. a) («^- 07^) . (l + cos. a) 

(«* — «!»*) . sin. a I « + ^ 1 — COS. a 
2(^7 — « . COS. a) s — X 1 + COS. a ' 

whence a must be determined by approximation, as in the Iflst 
problem. The approximation may be facilitated by the fol- 
lowing artifice. Let <r = « . cos. /3 ; hence 

y sin.^/3 . sin. a i ^ + ^^^' i^ 1 - cos. a 
s 2(cos. /3 — COS. a) 1 - cos. /3 * 1 + cos. a 
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whence 

a(l — COS. o) e""*^" = ^(^+ 2a8 cos. a + a^) -- (« + a cos. a), 

as appears by multiplying the equations. Hence, subtracting 
and dividing by 2, 

of y _ y ^ 

« + acos. a = - jl + cos. a) e'*"^' - (1 - COS. a) e.^'^i.-.C?). 



Now 



5 + a COS. a= « = c -— = a sin. a — , 

ay dy 



Hence integrating both sides with regard to w, and dividing 
by a sin. a, 

a? + a = -|(l+ COS. a) e"^ + (l - cos. a) e""^"! (8) 

And in nearly the same manner as before, we should find 

, a? + o st ^ (a^+ iaw H- a^cos.^a) , ^ 

y = acos.al \/i4.^^. x ' (9)- 

a (1 ± COS. a) 

^ _ . dy a sin. a 

Cor. It appears that 



cfo? a COS. a + 8 

50. By means of the. formulae thus obtained we may 
solve the following Problems. 

Pbob. I. A chain of given length BCB' = 2l, Jig, 118, 
htmgs from two given points B^ B! in the same horizontal 
linCy of which the distance BB'=^2h is given; to Jind its 
position. 

The middle point will here be the lowest, and the chain 
will form a symmetrical figure with respect to the axis CE\ 

CB^CB'^l, EB^Eff^h. 

Let a be the angle which the curve at B makes with the 
vertical line ; and by equation (3) Art. 47, 



c \c c ^ I 
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Also by Cor. 2, Art. 46, tension at jB = = BF; 

•^ COS. a 

^^ ^♦^ * 1 + COS. a 

.-. Z=CJB+ 5/^=*+ = s ; 

COS. a COS. a 

h sin. a | 1 + cos. a 



' I 1 H- COS. a sin. a 

or, - = tan. - . 1 co-tan..- = - tan. - 1 tan. ; 
/ 2 2 2 2 

whence tan. - must be found. And a being known, we know 

cos. a ^ , 1 1 + COS. a . 

8-1, : andA = «tan. al — ; ; * 

1 + COS. a sin. a 

and hence the curve is known. 

53. Pbob. IV. In the last casCf to find when the equir 
libriitm is possible. 

In the equation t - ^ tan. - 1 tan. - , making t = ^> and 

If /& ^ fm 

tan. - = #, we have w = ;— . And the relative chan/res of 

2 t\t ® 

magnitude of t and u will be seen most easily by constructing 

a curve of which these shall be the abscissa and ordinate. Let 

&m, fig. 119) be always taken == tan. - = ^, and mp = m, and let 

US consider the locus of ^. 

The value of a will be between and ^x, and hence the 
value of t will be between and 1 ; and hence 1 1 will be 
negative, and u will always be positive 

When ^ = 0, # W = 0, and u is infinite. 

« As ^ increases u decreases ; we have 

du l+U 
Tt^'^tlif'" 

which is negative so long as - U>1. 



^V WI 
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i a mimmum; 



at this point m = - , or / = eh. Afterwards u increases con- 
tinually till *= ], when u is infinite. 

Hence the curve is of the form pqp', with asymptotes at 
b and c, he being = 1. If bn = .368, Sec, nq will be the mini- 
mum ordinate =2.718, &c. 



t, which may be found by drawing opp' parallel to be. Hence 
there are two positions of equilibrium*, for given values of A 
and /. If we make bA perpendicular and equal to 5c, and 
join Am, Am, the angles a for these two positions will be 
the doubles of bAm, bAm, respectively. 

^m Thus, if / = lOA the values of a are 3" 12', and 83'' 36'. 

The least value of m or - for which the equilibrium is pos- 
sible, is when u = e, or I = he, which gives the minimum ordi- 
In this case we have 

t=-i .: co-tan.- = - = 2.71828182+, &c. ; 
e 2 t 

.-. - = 20=12', and a = 40° 24'. 
2 

= BF, fig. 118, 



* In ihe cnse when the equUibriuni is possible, the higher position is one of 
ilaile^ the lower one of tmttabU equilibiium. If the chain be placed with its venex 
above the higher «F tlie two posilione of equilibrium, il will descend towards that : if 
il be placed an) where between Ihe two poiitioitB, it will asceod towards the upper. If 
it be placed helow the lower it wiU descend and never come to another position of 
equilibiiam. 



78 EaUILIBBIUM OF A FLEXIBLE BODY. 



8 



2 V c«/ 



and by Art. 49, if Xp be the depth of the vertex below the hori- 
zontal line, 

II— sin. a / / • a a\ 

k^a ^ a, sm. a = - . ' = - ( see. — 2 tan. - ; 

2 ,a 2 V 2 2/ 

cos.*- 
2 

/ / 1 2\ I ' ^^« 



=i-(^-^?-;)=20-;)' 



8 C+ 1 

k "" c- 1 ' 

If the chain be so short, compared with the distance, that 

- is less than «, it cannot be supported : the middle part will 
h 

descend and draw up the ends. 

> 

64. Peob. V, To find the center of gravity of the cate- 
nary JP, fig. 118. 



^ i*tf ^ as 



For this purpose we must find 

ds - ds 

By Cor. Art. 49, 

dy c a sin. a 



dw s' a cos. a + « ' 

dw 
.•. a cos, a + « = a sm. a . -r- ; 

dy 

d/v 

.*. 5 = o (sin. a . --; cos. a), 

dy 

fj^s= a(jc sin. a -y cos. a) ; 

' • J&yj" = y^ ^ fy^ - y^ " ^ (a? sin. a -y cos. a), 
ay 
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ain, since by (2) and (5), Art. 49, 

dw s' dy c 



de' " >v/(^+ O ' ds' y/{i^+ O ' 

doc dy ^ dw dy 
and substituting --— , -— for — 7 , -7-^ ; 

a« a£ ds as 

ting for c and 8 their values, 

-^ , ^dx . dy 

ar+ 2 a« COS. a + 5^) = (a cos. a -f- «) -;- -f- asm. a.-r- 



jnce by (3), Art. 49, 

J^o?— =/{\/(a^+ 2a « cos. a + «®) - «} T" 

/. f . , dx . dy d«l 

= t {(acos.a-f- «)-;- + asm. a. -T^ - «-r-r 

•' I d« d« dx] 

ds , , 

Id /^o? — - to both sides, and integrate, observing that 
dx 



fjs + x 



d8\ 



f da 
.'. 2Lx — - = ax COS. a + a7« + ay sin. a - as. 
ax 

ence by the formulae. Art. 34, 

- ds 

''' dx a(<r COS. a + y sin. a) a^x 
" « " 2« 2 ' 

^ ds 

dy a (x sin. a — y cos. a) 

«.__«y ^ ' 
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CoE. 1. It may be observed, that if we draw PO per- 
pendicular on the tangent at P, 

AO ^ w COS. a-^-y sin. a, 
PO = €0 sin. a — y cos. a. 

CoE. 2. If we suppose J to be the lowest point, we 
have a a right angle. Hence 

ay a-^- w 
28 2 

which agrees with Art. 34, Ex. 23. 

Cor. 3. Let the tangents at A and P me^t in T^ and 
let TJ7 be vertical ; PU^ u ; .-. NU = y - w, and if PTU = 0, 
we shall have 

u co-tan. + (y --u) co-tan. a = a?. 

dw a COS. a + s 



But co-tan. = 



dy a sin. a 



8 

=: co-tan. a H ; ; 

a sin. a 



t^« ycos. a 

+ — ; = 0?, 



u = 



a sm. a sm. a 

a (^ sin. a — y cos. a) 



« 



.'. Ac -f- «* = y> and the center of gravity is in the vertical line 
TU which passes through T. 

2. The Catenary when the force acts in parallel lines 

and the Chain is not uniform. 

55. We may consider the thickness of the chain or cord 
to be variable, supposing it still to be so small throughout 
that we may consider the flexible body as a physical line. Or 
we may conceive the catenary to be a surface of unequal 
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breadth, resembling a ribbon, its breadth being parallel to 
the horizon ; so that it may be a portion of a cylindrical 
surface, the curve of the cylinder being the catenary. We 
may also suppose the density to be variable. Or we may con- 
ceive the force which acts upon the chain, and gives weight 
to it, to be different in different parts. 

Upon any of these suppositions the weight of equal por- 
tions of the curve taken in different parts of it will be different. 

Let — be the differential coefficient of the curve with respect 
dy 

ds 
to y, and let w -^ be the differential coefficient of the weight ; 

w being the quantity (thickness, breadth, density or force) to 
which the weight of a given element of length is proportional. 

Hence f^iv ~— taken between proper limits is the weight of 
any portion of the chain or string. 

Peop. Tojind the curve when the law of the thickness 
is given, and conversely. 

In fig. 117, let C be the lowest point, and let ma be the 
tension there. Then .t and y being CM and MP as before, 
we shall have, as in Art 46, 

^^B If we differentiate this with respect to y, we have 



..(1). 



.-. . (2). 

djf' ma ay 



And w being known in terms of the other variable quan- 
tities, we shall, by integrating, have the equation to the 
curve, 

d'x dy 

Iso K' = *na.-j--|-.-j- (3). 

dy' ds 
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ivhence, if the curve be known, we may, by di£Perentiating, 
find fv. 

56. Fbob. VI. A jftewible stringy whose thickness ai 
every point is inversely as the square root of the length 
measured from the lowest pointy is acted upon by gravity; 
to find its form. 

Let m be the thickness at a length c from the lowest point; 
hence, at the end of a length «, 

v/c - ds r^c ds ^ y. ^ 

^s • ^ dy Jy^s dy 

, ,^ d(B 2^(cs) (ds\^ ■ fdw\^ €f + 4,cs . 

1 dy 1 , y \/(g^ -i- ^cs) a^ 

a' ds" y/((^+^cs)^ a 2c 2c' 

\a 2c/ Ai(? c^ c a* c' 



1 fdaf\^ fW 4y\ dw 2c // ' 1 \ 



whence y is easily found by integrating ; and hence the curve 
is known. 

67. Peob. VII. AJlewible string is acted on by a force 
which isy at every pointy as the height above the lowest 
point: to find its form. 

Let the origin be as before: and at the height c above 
the lowest point let the force be m ; hence, at the height Wy 
since aeteris paribus the weight of any portion will be as 
the force, 

r ds 

ma; , ^ ^ dx "^ dy d^x 00 ds 

w=— -; ^by(l)..— =. — -^, =_ . 

c dy ca d%f ca dy 
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tPa; 



dy ' dg' 



Integrating with respect to y, 

/( lda!\n a? dai /( a^ ar'X 

da? Wt/(a^+iac) ' ^ 2 v^(af"+4ac)+2Y^(ac) 

When a; = 0, y is infinite and negative ; when tD is infinite, 
y is equal to the constant. Hence the curve has a vertical 
and a horizontal asymptote, and never meets the horizontal 
line in which the force is = 0. 

58. pROB. VIII. To find the law of thickness of a 
string that it may hang in the form of a semi-drcle. 

Placing the origin at the lowest point, as before, we must 
have, calling the radius of the circle c, 

,, ,^ dcB -v/i^cx — x') ds c 

ig ■i'VV ^' ^y p_^ ' dy c-w 



\dy) dx 



' dy' dy 



' dy (c - aif v^(2ca; - a?*) dy 

dy c — w 



(c - a;)' 



whence by (3), w = ma 



dy 



' dy' ds (c - xf 

hence the thickness must vary inversely as the square of 
} depth below the horizontal diameter. 
The tension will be found, as before, by the equation. 



dy c- 
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Hence, at the extt^mities of the horizontal diameter it is 
infinite. 

If, instead of supposing the thickness of the stiing to 
vary, we suppose to be hung to each point of it vertical 
strings of uniform thickness whose lengths are proportioDal to 



mac 



1' 



the curve which it will form will be the same. And . this 
is also applicable to all the cases of this section. 

59. Pbob. IX. Tojind the law of thickness of a string 
that it may hang in the form of a parabola wUh its 
vertical. 

The origin is at the lowest poi^t as before : 

_, , . (CPof ds 

By (3), «; = ma. — .-, 

andj^-4c^; .•.^-^; ^=V^(l±i), 

aof >y/a? ay y/c 

d^w 1 dw \ 

dnf 2^{cai) ' dy 2c' 

ma 



2 y/(ca^ + c^) ' 

When a? = 0, «; = — ; and if m be the thickness at the 

2c 

lowest jpoint, a = 2 c, 

m^c 



w = 



^{w + c) * 



So long as 07 is small, this is nearly constant. Hence, 
conversely, if the thickness be constant, the catenary, within 
a small distance of the vertex, nearly coincides with a parabola. 
This is a conclusion to which Galileo was led by experiment. 



3. Hie Catenary when the Chain is acted upon by 
a central attractive or repulsive _force*. 

60. Prop, To Ji/nd the equation to the catenajy when 
ike force tends to a center. 

Let S, fig. 120, be the center of attractive force, and at 
any distance SP = r, let the force be =/, / being a function 
of r. Let JP = s be the chain or cord, and at the point P 
let the mass of a small particle Ss be n&s, n depending upon 

the thickness, density, &c. 

Let A he the point at which the curve is perpendicular 
to SA. Make SA a line of abscissas, and let MP be an 
ordinate perpendicular to it: Py a tangent at P, and Sy 
.perpendicuUr on it. 

Put Sy = p-, tension at A = a, tension at P = t-, angle 
JSP = Q, ATP = (p. The weight of a particle ds at P will 
le /w in the direction PS, (see Note :) and if we resolve 
this force in the directions parallel and perpendicular to AS, 
the components will be /^ cos. Q and ffi. sin. 9: and hence 
the whole efFects of the weight in those directions will be 
Ifu. COS. Q and f,fti. sin. 9. The other forces which act on 
the cord AP, are the tension at A = a; and the tension at 
i*=f, which may be resolved into the parts t.cos.tp and 
(■sin A, in the rectangular directions. As before, the forces 
*hich keep AP at rest must be subject to the conditions 
of Art. 22. Hence, 

fj^ COS. e = t COS. <p 1 ^^^ 

Jl/^ sin, d = t sin. <p — ai 

Differentiating with respect to s, 

dt d<h 

fu. COS. d= -r ■ COS. th — t sin. th — ^ , 
•* ds ^ ^ ds 



* The force spoken of heie nnil in the last Article is the Bttraccive force nhlcb 
produce! weight ot pressure in the bodies on which it acts. If other things n 
the same, such attractive forces aib as the weight which they produce in ■ 
putide of matter. 
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dt dip 

flL sin. as — • sin. ^ + / cos. ^ -^. 

Multiply the first by cos* ^, and the second by sin.l^ and 
add; and we have 

/mcos.(0-0) = ^ (2). 

Multiplying the first by sin« ^, and the second by cos. ^, 
and subtract; and we have 

/m sin. (0 - 0) = - / ^ (3). 

But 0-0 = JTP-T5'P = >yPy. Also if we take PQ 

a small arc, and draw Qn perpendicular on SP. ^, |^, 

dr dO 
are ultimately ns — j ^-r-- Hence 



cos. (0 - 0) = — 5 sin. dp-G)-^ —y 



dr dO 

and (2) and (3) become 

dr dt dt 

^^ds^ds^'^'^^^i; ^'> 

Nowr— -^-— ^— 
dr"P«"<x/(r»-p»)' 



dr r<y^(r*-p*)" 

Also ^ — = arc. j sin. = -) » 

dp 
d<h dd ^dr~^ 
Ar dr ry''(r*-p*) 
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••. adding, 



dp 
dij} dr 



dr '\/(^-p*)' 

Also (5) is equivalent to 

d0_^ d0 
dr ^ dr' 

Putting the values of -— and -~- in this, it becomes, 

dr dr 



reducing, 



/mp = -<^ •'•••••(^- 



Dividing (6) by (4) we have 

dr 

dr 

dt dp 

.-. Py+t^^O; 

dr dr 

pt'C* (7), 

C being a constant quantity, to be determined by the' con* 
ditions of the question. 

Also we have, by (4), 

C 



Hence jp = 



/r/f*' 



When / is known in terms of r, this equation gives the 
curve AP, by an equation between the distance SP and the 



* The property, that the perpendicular is inversely as the tension, appears also 
fixnn this, that AP is acted on hy the tensions at A and P, and also hy central 
forces all tending to S. Hence the result of these latter forces will also tend \o S; 
and hence we may suppose AP retained hy a lever passing through S' as a fulcrum, 
and the two forces at A and at P will he inversely as the perpendiculars on theur 
directions ; therefore tension at P. 5^ =: tension at A.SAzza constant quantity. 
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perpendicular Sy upon the tangent. And from this equation 
we may determine the relation between r and ; and between 
w and y : unless this is rendered impossible by the difBculty 
of integrating. 

The tension t = frffi ; if the thickness and density be 
constant, we may make fi^lj and t^^f^f; hence the tension 
depends only on the distance r, and is not affected by the 
form of the curve. If we suppose the end Pp to hang freely 
over the point P, and thus to produce the equilibrium, its 
weight must be f^f; which is also the weight of a string 
extending from a point p^ at a given distance from S, up 
to P, Hence at every point; /^. the . string Pp will hang to 
the same distance Sp from S; and the ends of all the strings 
will be in a circle with center S; in which circle also is 
the point a^ Aa being the length whose weight is requisite 
to produce the tension at A. 

61. Peob. X. The force varying inversely as the square 
of the distance from *y, it is required to find the form of the 
catenary. 

Let SAf fig. 120, ~c, and the force at A = k; hence 

« 

t = j,/= / — ^ =: constant = a-^kc ; 

J^ T r r 

for when r = c^ t- a, 

,- C ac 

Hence p — ^ _-, 

a-^-kc a^kc 

r r 

for when rszc^p^Cy 

acr 



2' 



(a-\'k€)r — k€ 

Let a = fiArc; he being the weight of a length of string 
ASy acted on by a constant force equal to that at A ; hence 



ncr 



(« + 1) r - c 



1^ 
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To determine the nature of the curve, we have 



ve-.)^ 



r^{(«+l)V-2(«+l)fr + c*-«V5' 



which will give different forms as n is greater than, equal 
to, or leas than unity. 



(1.) Let n> 
d8 



'■'V((" + 0' - 2 (n + 1) . ^- (»» - 1) ^ 
which may be integrated by making .- + - = «, and gives 



(n-l)c + r-\ 



being measured from the line SA- 
If we make )■ infinite, we have 



- , arc. coa. = 



which gives the position of the asymptotes of the curve. 

The angle which the asymptotes make with AM, is greater, 
as n, and consequently the tension at A-, is greater. When 
H is infinite, it is a right angle, and the curve becomes a, 
straight line perpendicular to SA. As ?i diminishes to unity, 
B diminishes to the value which it has in the next case. 

(2.) Let n = 1 : hence 



r^ir'-cr)' 



which gives, by integrating. 



VH)- 
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= /\/ M - - j + const. = V (l - -) ; \ 

because = when r = c. 

When r is infinite 0=1. Hence the angle which the 
asymptotes make with SA is that whose arc is equal to the 
radius; or, if RO be the asymptote, 

JRO = 57^ 14' 44" 48'". 

In every case we may find the position of the asymptote 
by making r infinite in the value of p ; which will give 

nc 



n-\- 1 

(3.) Let n<\: hence 

dO nc 



dr 



»*\/((l + «)*- 2 (1 + «)J + (1 - «0 ^) 



which may be integrated by making 1 - (1 - n) - = w ; and 
gives = 



7i 



, r-(l-n)c-hv/{(l-n^)r^-2cr + (l-n)V} 
y/il-n^) nr 

the integral being corrected so as to vanish when r ^ c. 

When T is infinite, Q = — 77 — . 1 "^^ , which 

y^(l - w^) n 

gives the position of the asymptote. When n = 1, = 1, as 
may easily be shewn, agreeably to the last case. As ^ di- 
minishes, the angle which the asymptotes make with SA 
diminishes, and when n becomes this angle vanishes. 

The tension at A is equal to the weight of a string whose 
length is wc, acted upon by a constant force equal to that 
at A^ But if Sa=sbj the weight of the portion Aa^ acted 
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on "by the variable force (which weight expresses the tension 
at ^) will be 

= r — - , the integral taken from r = 6, to r = c 

= = nkCj by supposition ; 

.-.6= ' 



1 +n 



Hence if a circle were described with a radius Aa^h^ the 
string hanging down from any point of the curve, must, in 
order to produce the tension at that point, reach to the 
circumference of this circle. 

62. Peob. XI. Let the force vary as the m*** power of 
the dista/nce from S : to find the curve. 

Retaining the notation of the last Problem, we have 

force at P = — - ; .. # = /-— = 7 -r— + const. 

cT Jr c^ (m -f- l)c"* 

kc kf^-^^ 

- a + 



m + 1 (w + l)c"* ' 



Tike 
« being the tension at A. Let a «= ; therefore 



kc / r^+^ 

t= n- 1 + — tt) . 

w + 1 \ c~+V 



Hence 

nc ncf^'^^ 



P = 



^m + 1 
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and 

dO 1 «e'"+^ 



v(i-) 



41 ' 



dr " /it' \ r.v/[{»^'*"'+(^-Oc'"^'^p-»*^^ ] 



which cannot be integrated generally except w = 1 . 

In the case of n= l^ 

dd c^**"' 



which may be integrated by making c^+^t^ = r'^ + ^r this sub- 
stitution gives 

—- = (m + 2) u^/{y? - 1) ; 
dr 

.-. Q = . arc (sec. = u) 

m-f-2 ^ 



1 / r'^ + ^x 

= arc sec. = — -^ ; 

(m-f-2 V c« + V 



H»« + 2 



C^ 



—2= sec. (m + 2)0; r*" + ^ cos. (m + 2) = c* + *. 



If we make r infinite, we have for the inclination of the 
asymptotes to SA^ 



e= " 



2m + 4 



63. We may find the equation between 

SM = a? and MP = y. 
For r = >v/(^i?^ + y^), 

^^s. = —77-7 — oT 9 tan. = - . 
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Hence 

= r^ +^ ( COS."* + « - ^ i-^^ ^ cos.'-e . sin*. 

\ 1.2 

+ ^^ ^ ^ ^ . — ^cos.'»-*0.sin.*6> 

1.2.3.4 J 

= r— cos «-e. (l - (^^±^H^±i> tan.«0 

V 1 .2 

(w+2) (m-1) ,^ \ 

1.2.3.4 / 

^«,+2^ (m + 2)(m-H) y" , (m + 2)...(m^l) y' \ 
\ 1.2 af^ 1.2.3.4 0?* / 



Cor. 1. If w = 0, or the force be constant, 



'*=^('-S)=*'-^- 



Hence the curve is the rectangular hyperbola. The 
symptotes make angles of 45® with SA. 

Cor. 2. If m = 1, or the force be as the distance, 



= ^('-¥)=^-'^- 



In this case the angle which the asymptotes make with SA 
^ S4^ 44'. 

64. Prop. To find the catenary when the central force 
B repulsive. 

The process for finding the curve of equilibrium in this 
case will be nearly the same as before, with the excep- 
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tion of the signs of some of the quantities, and the results 
will be 

dt 
_. ... dp dt 



and t = frf/i ; .•.p = 



C 



-irU' 



66. Peob. XII. #S, Jig* 121, 18 a center of repalsm 
force varying inversely as the square of the distance 
from S: to find the form of the curve AP, formed by a 
Jlemhle string. 

Retaining the notation of Prob. X, 



rk(? 



kc + 
r 



a being the tension at ^ : let a = nA;c; 



.-. ^= A?c j (n - 1) + -) . 



ncr 



Hence p = r , supposing the curve at A p^' 

pendicular to SA\ 

de 1 

dr 



AH 



nc 



ry/{{n - 1)V+ 2(w - 1) cr + c^- wV} ' 
which may be integrated nearly as in Prob. X. 
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If we suppose the curve not to be perpendicular to SA, 

', to make with it an angle a, we shall have at that point 

- c • sin. a ; 

ncr.sin. a 
... p - ^ . 

(w - 1) r + c 

If 9^ = 1, this becomes p = T . sin. a,, and the curve is the 
arithmic spiral, 

66. Peob. XIII. Let the force be inversely as the m^ 
wer of the distance : to find the curve. 



-I. 



kc"^ kc k(f 

= a + 



kc I c"»-^ 

nkc 
putting a = 



m — 1 



Take the case when w = 1, and we have 



6 


(w-l)r" ^ ^ 




C r'""^sin. a 




'■P- f- c-* ' 


AQ 


1 r"'' sin.o 


dr 






r"*"^ sin. a 



^(c2"'-4-r2"«-4sin.^a) 
To integrate, put — :;;^--^ — = u ; 



<f0 



du (m - 2) -v/(l - «*) ' 
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^ 1 , ^ 1 / r"-*8in.a\ 
= arc (cos. = w) = arc ( cos. = ;; — | . 

Or, if -: = a""*, (m -2)0arc (cos. = -r— r) • 

sin. a \ a"*"*/ 

Here a is the value of r at the point A. 

To find the angle to 2AS0 which comprehends the whole 
curve, make r = : 



2m — 4f t» — 2 



We may find the equation between SM = .v, and MA = y, 
as before. 

For r~-2= a™-2 ^os. (m - 2) 
^ a^-' (cos.^-'9 - ^"^ " ^^^ ^^"^ " ^^ cos.-''e\ sin.^g -H ...] ; 
• . o o ,^ / (m - 2) (m - 3) ^ ^ \ 

.> / (wi - 2) (m - 3) y^ \ 

or(^^+j^r-'=a'«-^^"'-^(^l-' f^^ ^•J+-j- 

CoE. 1. If m = 3, = arc I cos. = - ) ; hence APS is a 
circle on the diameter AS- 

CoE. 2. If m = 4, 20 = arc (cos. = -i) ; hence APS is 
the lemniscata with its knot at S, 

CoE, 3. Hence if there be a centre of repulsive 
force which varies inversely as the cube of the distance, 
and if the two ends of a string be fastened at this center, 
it will form itself into a circle. If the force vary inversely 
as the fourth power, the curve will be a lemniscata, and 



so on. 
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The Catenary when the Chain is acted upon by any 

Farces. 

67. Prop. Let forces to act upon the Jlewible body AP^ 
122, in the same plane^ accordingto any law whatever ; 
? required to find its form. 

Let the force at any point P be represented by /, and 
in the direction PF, which makes with the line of ab- 
las AM an angle yf/. The reasoning is exactly the same 
I Art. 60. The effect of the force /at P is fds^ and this, 
Ived parallel and perpendicular to AM, gives / cos. >^, 
f sin.yf/. Hence the whole effects on AP are fgfcos.yj/, 
f,f sin. yf/. The remaining forces are the tension at P, 
ih is represented by t, and makes with AM an angle 0, 
the tension at A, which is represented by a, and is sup- 
d to be perpendicular to AM, Hence the conditions of 
23, give 

fgf COS. yf/ — t cos- = 0, 

fsf sin, \j/ + t sin. = o. 

Differentiating, 

dt d(h 

/cos. ^ — -J" COS. (p-^t sin. . ~ = 0. 
as as 

- . , dt , J J dd} 

/sm. Y + -7- sm. q> -{• t cos. .—-^ = 0. 
as as 

Multiply the first by cos. and the second by sin. 0, and 
•tract : also multiply the first by sin. and the second by 
• 0, and add : we shall thus get 

/(cos. . cos. >// — sin. . sin. \|^) — — = ; 

as 

f (sin. . cos. y^f + cos. . sin. >/^) + t-^ = ; 



ds 



or, / COS. (0 + ^l') = ^ , 

dd> 
/sin.(0 + >//) = -^-^ 

N 
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The angle + ^ is FPT, the angle which the force 
makes .with the tangent. This angle and the force / being 
expressed in terms of w and y and their differentials, t is 

known from the first equation: and this value of U and -7^, 

as 

being substituted in the second, we have the equation to 

the curve. For -^, we have 

da 

dy" 



= arc(tan.=^); 



d^y dw d^y 

c(0 d(l> dw dw ds da^ 

' ' ds dw ds /dy\» "" fdsY ' 

\dw) \dw/ 

the differentiations being performed with respect to w. 

68. Prop. If the force be at every point perpen- 
dicular to the curve J to find the form. 

We shall have + >/f = ^ tt ; hence cos. (0 + >/') = ^9 
sin. (0 + >/^) « 1 ; and our equations become 

or ^ = a ; 

£y 

_ da^ a 

\dwj 
p being the radius of curvature. 

Hence when the force is perpendicular to the curve^ the 
tension is constant ; and is at every point equal to the weight 
of a portion of the cord, whose length is the radius of curva- 
ture, acted on by the force at that point. If curvature be 
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supposed inversely proportional to the radius of curvature, 
Me curvature at every point will be as the force. 

69. Peob. XIV. Afexible line AP, jig. 122, is acted 
■upon at every point P by a force f, which is perpendicular 
to the line, and which is as the square of the sine of the 
angle EPV ; tojind the curve AP. 

The sine of EPV = sin. tp= -^■ 



; hence the force 



k being its value 



/-* 



m 



d^y 



d> 



da- ( dy\ ' 



ks + const. = a . ■— = 



a dy 

which coincides with the equation to the common catenary 
when the origin is placed at the lowest point and w taken 
vertical. Hence this is the same curve as when the force is 
parallel and constant*. 



■ Soon after the time (1691) when the Problem of ihe figure of a chain acted upon 
by gravity was proposed uid soUed by the BenioulliB and Leibnin, the allention of 
these geometers was directed to other curves which fleiible bodies may usunie under 
Tuious circuinstances. In particular the action of a fluid, whether by elulicity, 
weight, or ImpBci, was connidered : and as thh action mutt be perpundimlar to tlui 
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70. Frob. XV. AP %8 acted upon by forces which are 
every where perpendicular to the curve, and which are^ at 
every point P, proportional to the distance PE of P from a 
given line BE ; to find the curve. 

Let BE be perpendicular to AB, AB =: c ; PE^a; 
k = the force at A ; 

kw dar^ 

— = — a ^— : 

c fdsy 



(-) 

\dwj 



which coincides with the equation to the elastic curve, as will 
be seen in the next Chapter, where that curve is considered. 

We might now proceed to consider more complicated 
cases, as for instance when the flexible string rests upon any 



surface on which it acts, this case comes under Art. 68. of the text. One of their 
problems was, To find the figure of a rectangular sail, with two opposite sides fixed, 
inflated by the wind : and as the figure of a chain or cord had been called the 
Catenaria or FunictUaria, this was called the Velaria. The weight of die sail 
itself being neglected, the problem may be solved on either of the foUowing hy- 
potheses .- 

1st, That the air which immediately presses the sail is, relatively to the sail, at 
rest ; and of course kept in its place by the pressure produced by the wind bel^d. On 
this supposition it is the elasticity of the air which acts upon the curve ; and since this 
force is the same at every point, the radius of curvature will be constant, and Uie 
curve will be a circular arc ; consequently the surface wiU be a portion of a common 
cylinder. 

2nd, That the air acts by impact, and produces no effect by pressure after the first 
impulse. This may be nearly the case when a single thread is stretched by a cnirent 
of fluid, which can after the impact escape past it In this case the force is as the 
square of the sine of the angle of impact, as appears from hydrodynamical principles. 
Hence this is the case of Prob. xiv, of the text, in which as is shewn, the carve 
is the common Catenaria. 

It appears to have been supposed that the actual curve of the sail would be some- 
thing compounded of both these forms. 

Another problem of the same kind was, To find the form of a rectangle of doth, &c 
which having two opposite sides supported parallel to the horizon, is pressed by the 
weight of a fluid which is contained in it, and of course supposed to be prevented frnn 
running out at the ends. The curve of this problem was caUed the lAntea/riA ; 
if BC, fig. IS2, be the surface of the fluid, the pressure on any point P will be as the 
depth EP ; hence the curve is the one found in Prob. xv ; which, as is mentioned in 
the text, is the same witlMhe Elastica. 
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i surface or surfaces. We might also investigate the 
ItionB of equilibrium of a flexible surface acted upon 
r gravity or by any forces. The mechanical principles of 
such problems would not present much difficulty after what 
has preceded, but the analytical results to which they would 
lead would in most cases be too complicated for an elemen- 
(ary work like the present 



On Suspension Bridges. 

71. The curve formed by the chains or cords by which 
the road-way of a auspenaion bridge is supported will be a 
catenary if the weight supported by each part of the chain 
(namely the suspension rods, road-way, Sic.) be proportional 
to the length of that part of the chain. We shall first con- 
sider the case of a suspension bridge on this supposition. 

The tenacity of iron is such that a rod of 1 inch section 
will support the weight 14800 feet of the same rod; and the 
sanie is true for any other section: hence l+SOO feet is the 
modulus of tenacity of this substance, and in like manner 
the tenacity of any other substance may be expressed by the 
length of the rod of the material of uniform thickness which 
the tenacity will support ; and this length is the modulus 
of tenacity for that material. 

The tension of the catenary at its vertex is represented 
by a length c, (Art, ifi.) of the chain or cord, such that the 
weight of this length is equal to the force of the tension. 
And if the ctiain be loaded with additional weights distri- 
buted uniformly along its length, the tension at the vertex 
and at every other point will be increased in a constant pro- 
portion, that is, in the proportion of the augmented weight 
<S any part. 



72. Prop. Given the width of a suapejision bridge, 
til find its dimensions, m that the chains shall nowhere be 
loaded with more than n ffiven fraction (n) ^ ' 

they are able to xusinin. 
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Let c be the tension at the vertex, supposing the chain to 
support only its own weight; or the vertical abscissa from the 
Vertex, y the horizontal ordinate: then the tension at any 
point is 0^ + c. But if the weight of the chain be increased 
at every point (by the rods, road, &c.) in a constant ratio 
1+^:1, the tension at the vertex will be {l-\-fn)Cj and 
at any other point (l + m) (^ + c). Let I be the modulus of 
tenacity of the substance; the rods, road, &c. are supposed 
to add nothing to the tenacity of the chains. Hence I is the 
ultimate limit which the tension can attain, and nHs the limit 
which is prescribed in the proposition. Therefore 

(l -H m) (a? + c) must be less than nl. 

Now y is given, being the half width of the bridge. And 
(Art. 48.) 

c ( - -^\ 

Let N be the number of which - is the natural logarithm, 

and e^ = AT (l.) 



Hence 



w 



■li-^h)—^ «• 



A simple mode of finding off from this is the following. 

Assume y = 100, and c equal to various values, at conve- 
nient intervals from to 1000, or further if necessary. 

Construct by formulae (l) and (2) a Table of the values 
of w corresponding to each value of c; and of the cor- 
responding values of the tension t at the extremity of the 
arc, which is always ^ + c. 

,The strength nl being expressed in the same scale in 
which y is 100, we shall find in the Table the greatest value ' 
of (l + w) (a? + c) which is less than nl ; and this gives the 
greatest allowable value of cr, the depth of the vertex of th^ 
curve below the points of suspension. 
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^^^H If a be the angle which the curve at the points of sus- 
^^^Kon makes with the vertical ; by Art. 48, 

^^^H cotan. a= — =-ilf— e = 

^H dy ^\ ^ I 2N 

^^wdd hence a may be found, and inserted in the same 1 
r T'-.t.i„ 



73. A Table such as we have described is inserted 
■n the Pkil. Trans, for 1826, p. 213, by Mr Davies Gilbert. 
The following is an extract from it. In addition to the 
f]uaiitities mentioned above, s is the length of the chain 
from the lowest point to the extremity. 



!/ = 100 



i 



!&.0 


A' 


. 


' 


t 


a 


1000 


1.11 


5.00 


100.16 


1005.00 


84." 16' 


900 


1.12 


5.56 


100.31 


905.56 


83 38 


800 


I.IS 


6.26 


100.26 


806.26 


83 51 


TOO 


1.15 


7.15 


100,34 


707 .'15 


81 50 


600 


1.18 


8.35 


100.46 


608 . 35 


80 SO 


500 


1.22 


10,03 


100.67 


510.03 


78 37 


400 


1.28 


12.57 


101.04 


412.57 


75 49 


300 


1.39 


16.82 


101.86 


316.82 


71 15 


200 


1.65 


25.52 


104.22 


285.52 


62 28 


100 


2.72 


54.31 


117.52 


154. 31 


40 24 



74. Thus let it be proposed to construct a bridge 
800 feet span, and let the adjunct weight of suspen- 
sion rods, road-way, &c. be taki 
the chains: also let it be det» 
the breaking 
tbridge. 



at one-half the weight of 
•d to load the chains with 
nd the dimensions 1 
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The semi-span is 400 feet ; hence the units of which y is 
100 are 4 feet each ; and /, the modulus of tenacity is -^ x 14800 
units, or 3700. Also m is -J- and n is -J-. Hence (l -hm) (x + c)^nl 
gives a? + c = -J- Z = 411.125. 

Now in the Table we find that the tension nearest in 
value to this is 412.579 which corresponds to 

c = 400 and to a? = 12.57 ; 
that is, in feet, 

c = 1600, w = 50. 

Also the angle which the chain makes with the horizon 
at the points of suspension is 90® -75° 49', or 14° 1 1'. 

It would appear by such a Table that for a given span, 
the tension at the points of suspension is least when ^ = ^ the 
whole span nearly. 

In the preceding reasoning, the weight of any portion of 
a suspension bridge is supposed to be proportional to the 
corresponding length of the suspended chain. This how- 
ever is not exact, and we shall now consider the question 
without introducing this supposition. 

75. In the chain bridge, the strain proceeds from three 
causes; the weight of the suspended chain; — the weight of 
the road-way ; — and the weight of the suspension rods which 
connect the former two together by means of vertical lines. 
The last of these weights will generally be small compared 
with the others. 

In this case we shall still have as before, (fig. 118), 

tension at C dy _ . _ ^ ^^ dx 

weight of CP ° d^ - whence weight of CP = c-, 

including in the weight of CP^ the three portions we have 
mentioned. 
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*J6, Prop. To find the general equation to the curve of 
A suspension bridge. 

Let the weight of a unit of length of the curve be m. 

Let the weight of a unit of length of the road- way be n; 
^e road-way being supposed to be horizontal and of uniform 
'height for different equal portions of its length* 

And let the weight of a unit of vertical surface of the 
suspending rods be r; the rods being supposed to be uni- 
formly distributed, and very near each other; and therefore 
wing reckoned as a vertical surface. 

Let Of, iff 8 be taken as before, Art. 46. If we take Sy 
a small portion of the horizontal ordinate, and suppose Ss 
to be the corresponding portion of the curve, mSs is the 
height of the portion of the curve, and mSy the weight of 
the portion of the road- way. Also rwSy is the weight of 
the corresponding portion of the rods. Hence the whole 
Weight corresponding to the element 5« is 



or 



m + ny- +rn j->d«. 



When we suppose the curve to be continuous, we must 
Suppose Ss and Sy to be indefinitely small; in which case 
"tie ratios of such quantities are the differential coefficients. 
Ilence the differential coefficient of the weight is 

dy dy 

as ds 

«nd the whole weight is the integral of this, taken with 
Regard to s; that is, it is 

r ^y 

ms + ny -^ rioD -—■ ; 

ds 

the integral being supposed to begin when a? ■: and y « 0. 

O 
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Hence the equation above stated becomes 

. dy dx 
m« + wy + tLx--- = c-— . 

ds dy 

The road-way is here supposed to be divided by trans 
verse cuts into indefinitely small separate parts, which i 
allowable, since the curve must always adjust itself so a 
to have the road-way a straight line. 

77 • Pbop. To find the nature of the curve when th 
weight of the suspension rods is neglected. 

In this case we make r = ; and the equation is 

dtp . dtp 
ms + ny = c --- ; let -— = o. 

dy dy 

ms + ny ^cp; 

dp ds y 

dy dy 



'^d. 



m/y/(l +p*) + n 



dp 

= 1 ; assume 1 + p^= (f. 



dq 

m , w 1 / ^ \ "^^ ^ 

— ; whence a l7+— = + C; 

c m \ ml c 



n 

9 + -: 



m 



n, / n\ 
when cr = 0, p = 0, 7=1; 1 Il-f— )=C. 



n 

q^ - 
n , m fnx 

q-l --I = , 

m n c 

1 +- 
m 
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or ^/{p^^ 1) - 1 1 = — . 

) +- 
m 

Also 

dy dy dp c dp 

dx dp dw my/{l'{-p^)-^n dx^ 

which may be rationalised by putting v^(l +y') = P9 4- 1 
We shall thus find 

dy 2c(l+90 



dq {I -<f)\m'\'n — (n " m) (f\ ' 

which may be integrated, because it is a rational fraction. 
The result will involve logarithms so long as n is greater 
than m. 

If n be less than w, or the weight of a given length of 
road-way with its load be less than the weight of the same 
length of the chain, the logarithmic expression for y becomes 
imaginary, and the real integral will involve circular arcs. 
The reader will find this subject further discussed in the 
Manchester Memoirs^ Vol. v. New Series ; by Mr Hodgkin- 
son, from whose paper the above investigation is taken. 



CHAP. VI. 



THE EQUILIBRIUM OF AN ELASTIC BODY. 

78. Bodies are said to be elastic when they admit of a 
certain change of figure and dimensions, but possess a force 
which resists this change, which makes it depend upon the 
power applied, and which restores the bodies to their original 
dimensions and figure, when the power which altered them 
is removed. This restitutive energy acts in various ways. 

1. The Elasticity of Ewtension and Compression. 

A string may be stretched by a force applied lengthways 
to it, and an elastic surface or solid may be considered as 
a collection of elastic fibres. 

It is found by experiment, that when a string is stretched, 
the increase of length is proportional to the force which 
produces it ; that is, the ewtension is as the tension*. We 
may also suppose the same law to extend to compression; 
but in order that a string may be susceptible of compression 
lengthways, it must be supposed to be inflexible. 

2. The Elasticity of Flewure, 

Wires and laminae of difierent metals and other sub- 
stances exert a force to unbend themselves when forcibly 
bent. In the flexure of elastic rods and laminae, it appears 
by experiment that the deflexion, and consequently the cur- 
vature, is nearly as the force f. This also follows from 



• See s'Oravefland'e's Elem, Physices^ Lib. i. c 26. 
•f See Bolt's Trait6 de Physique, Tom. i. p. 609. 
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supposing an elastic rod to be composed of fibres which have 
elasticity of extension, as will be seen. 

3. The Elasticity of Torsion. 

Threads of metal, &c. when twisted, exert a force to 
untwist themselves. It appears from experiment*, that when 
very iSne threads of metal are twisted by means of levers 
transverse to them, the force by which they tend to resume 
their natural state is very accurately as the angle of torsion. 



1. Elasticity of Extension. 

79. Peop. When an elastic string of given length is 
^^etched by a given force, to Jind its length. 

In a given elastic string the length added is, as we have 

*ftxd, proportional to the tension. If the tension be the same, 

^^e added length will, in different lengths of the same string, be 

Pi'oportional to the length ; for it is manifest that a string two 

^'^t long will be twice as much extended by the same tension 

^ a string one foot long ; since the tension will be the same 

^^llroughout, and therefore each of the halves of the first 

string will be as much stretched as the second string. In 

Strings which differ in material, thickness, Sz:c. the extension 

^t)r a given length and tension, will be different for different 

Substances; and will in each be proportional to a certain 

Quantity which may be considered as the measure of the 

^saftensibUUy of the particular substance which is to be 

iiiken. If € be this quantity for a certain string whose 

length at first (that is, when not stretched by any force) 

is a, when this string is stretched by a force or weight t, 

which will of course measure the tension, its increase of 

length will be proportional to ae/, and may be equal to 

this expression by properly assuming e. Hence the length 

under these circumstances will be a + aet, or a(l + et). 



• For the experiments of Coulomb, sec Biot, Traits de Physique^ Tom. i. p. 492. 
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We may determine e if we know the original length of 
the string and its length for any given value of t It may 
be convenient to know it in terms of the force which will 
draw out the string to double its length. Let E be this 
force; hence 

a(l+€J5) = 2a; .-. eiS = l, and€ = — . 
Hence the length of the string under a tension t becomes 



= a(n,i). 



E may be expressed by a length of the given string 
whose weight would draw the string a to double its length. 
E is then called the Modulus of Elasticity. 

If the tension be not the same throughout the string, 
this formula is not applicable. In this case we may suppose 
the string divided into indefinitely small portions; and in 
each of these portions the tension may be supposed constant, 
and the extension of that part found; and by combining 
all these, we get the extension of the whole. 

80. Knowing thus the relation of the length and ten- 
sion of such lines, we can easily express the conditions 
required by the solution of problems in which they occur, 
as will appear by the following examples. 

Prob. I. Fig, SO. AC, BC9 are two given equal afid 
similar elastic strings Ji^ed at two points A, B, in the same 
horizontal line, and supporting at C a weight W : knowing 
the extensihility of the strings, to find where W will he 
sv/pported ; the strings themselves being sv/pposed without 
weight. 

It is manifest that the vertical line CE will bisect AB, 
Let AE = b, angle CAE = a, weight at W=w, tension of JC 
or BC = t, extensibility of AC=€, original length of AC = a, 
hence ilC=a(l +60- ^ 
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Since W is supported by the tensions of AC, BC9 in those 
directions, we have 

w = 2tsin.a; also AE ^ AC. cos. a^ or 

6 = a (l + e#) COS. a. 

Eliminating t^ 

h €W . ^ 

- = COS. a H cot. a (1). 

a 2 

If we should attempt to obtain a from this equation, we 
should arrive at an equation of four dimensions; and by 
solving this, we should find the position of equilibrium. But 
for the most common case, that is, when the extensibility is 
small, and the weight w not very large, we may easily deduce 
from our equation an approximation to the situation. For 
we have 

a = -4 + A'e + -4". h 

1.2 

when A, A\ -4", ....are the values which a, -7-, 7-5,... 



de d 



e 



.2 



assume by making e » 0, (Lacroix, Elem. Treat, Art. 21.) 

Hence, putting for e in the fundamental equation, (l) 
and in its differentials, we obtain 

- = cos. A ; 
a 

• 

da €W 1 da w de 

= - sin. a r-T— 3- + — ^^^- « T~ ' 

de 2 sm.'^a dc 2 da 

., w cot. A w ah 

.-. A'^--.- - = --.-- — -, &c 

2 sm. A 2 a^ -Ir 



Therefore 



we ah 



Here A is the angle BAC on the supposition that the strings 
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were inextensible : hence — . -r — — is, when e is small, 

2 a* — 6* 

very nearly the quantity by which this angle is increased 
by supposing the strings extensible. 

Cob. 1. If a = 6, that is, if the string ACB be jus 
equal to AB when not stretched, we have from (l) 

1 = COS. a H . cot a ; and multiplying by tan. a, 

tan. a — sin. a = — ; and expanding tan. a = sin. a (l — sin.* a)~ 

- sin.' a + sm.* a + .... = — . 

2 2.4 2 

If € be small, a will be small ; hence, neglecting the highmcr 
powers of sin. a, 

sin.^ a = €W; sin. a = \/(€w) = \/ ■= . 

E being the tension which would double the string. Hence 
for the same string, fixed horizontally and not stretched, the 
small deflexion produced by a weight hung at the middle 
point is as the cube root of the weight. 

Cob. 2. If a < 6, the string would not reach from A tc^ 
B horizontally without being stretched. 

In this case, the equation becomes, multiplying by tan. a, 

b . €W 

- tan. a — sin. a = — . 
a 2 

And when a is small, neglecting its higher powers, we may 
put a both for its sine and tangent; hence 

6 — a ew w w n 

2 2jE 2jE b-a 



a 
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Therefore ia this case the deflexion varies as the weight w^ 
if it be supposed small. 

81. Peob. II. A uniform elastic string hangs verti-- 
<^a%, stretched by its own weight : to jind its length. 

Let €, as before, be its extensibility when its weight is 
not supposed to act. Let a be* its length when it is supposed 
x^ot stretched; and x the distance, on the same supposition, 
of any small element ^x from the upper extremity, by which 
it i$ suspended. The part below the element ^o? is a - a?, 
^hen it is not stretched; and as the quantity of matter is 
not altered by extension, the weight of this part when stretch- 
ed is as a — x\ and may be repres«ited by a — a?, if we repre- 
sent weights by the corresponding lengths of the unstretched 
string. Hence the element ^x will become 

Ix \\ -V e {a - x)\\ 

oif if « be the distance fix)m the upper extremity to a point 
whose distance in the unstretched state was x^ 

d% 

-— = 1 + € (a - a?) ; 

ax 

€ (a - xY 

. *. X =iX 1- constant ; 

2 

^*id at the upper extremity where «r = 0, ^ = ; 

€ (2ax — x^) 

.'. z = X -\ -. 



At the lower extremity, x=a; let the stretched length =/,; 

.*. I = a + 



&fi^ 



2 



«2 



Hence, — is the quantity by which the length of the 

/St 

string is increased when it is hung up. If jE be a length 
of the string whose weight alone would be sufficient to stretch 

1 a^ 

any part to twice its length, e = — , and -— is the incre>- 

Uient of length. 
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Cob. 1. If we had a^E, we should have the length 
when stretched - E -^ — = = — . 

CoE. 2. Since l^a ll + — ] ; it appears that the wdghl^»- 1 

of the string stretches it half as much as if it were all coUectedEsd 
at the lowest point. 



.» 



82. Peob. III. To find the catenary when the chaii 
is extensible. 

Let the chain or cord be of uniform thickness and Assasa: 
and let, as before, the elasticity be such that a length a 
comes a (l + et) by a tension t. 

Let C, fig. 123, be the lowest point ; and let the tensi^^^on 
at C be equal to the weight of a length CA ^c of the i^^cm- 
stretched string : AN = <r, NP s y the horizcmtal and v^^ er- 
tical co-ordinates : s = the arc CP^ and s' = the length of t : P 
before it was stretched, which may therefore represent l^Khe 
weight of CP\ t = the tension at P. 

If £«, hs be corresponding elements of «, «^, we ban 

ds 1 



5« = 5«' (l^-6)^, 



ds 1+6^ 



The forces which keep CP at rest are the tension t at jP, 
the tension c at C, and the weight s\ Hence these forces 
are as the sides of a triangle which are parallel to than; 
for instance, the elementary triangle at P, whose sides would 
be the elements 5a?, 5y, 5«: hence 

/ ds s' dy 
c dx c dw 

By the second of these equations, 

ds 
d^y 1 ds 1 ds ds dx 



da^ c dx c dx ds c + cet^ 



\ 
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■ by the first. 



If we make 






= \/(l + j^) ; and suppt 



the differentiation to be performed with 
!t equation becomes 

■•(■+!>') 



ispect to X, 



dx 


c + c- 


•vc 


*f)' 


diu 






+ <!'ii 


dp 


V(i 


+ p") 


dy 


d.v 


da! 


L-p 



dp -v/(l + P") ' '''■ 

Integrating these equations in p, we obtain 

a! = e\\p + ^(l +p'')\ + c^epi 

ff = c-v/(l+p') + ^c'fp'; 

e integrals being taken so that at C, where p = 0, we may 
iTe a! = 0, and y — c. 

By eliminating p, we should have the relation bet' 
and y : and p is the tangent of the angle which the curve 
P makes with the horizon. 

— = V^(i + p') = c / + c^e V(l + P") ■ -|^ ; 
da; da; oa? 

It appears that the values of w, y, and s, consist of two 
HTts; namely, terms independent of e, which are the s 
) they would be in a cord not extensible; and terms whichl 
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involve e. Hence if CP and CP be arcs of an extensible 
and of an inextensible catenary, for which the value of e, 
that is, the tension at C, is the same ; and the values of p 
the same, that is, the tangents, PT^ PT parallel; PO 
and OP being horizontal and vertical, we have 

PO^&€V, OP^\&ep\ 

The tension t is the same in both cases, and CP is 
the length of CP not stretched. 

OP 

CoE. If PT meet OP' in Q, 0(i^ ^\&^p^\OP 

p 

From these few examples it will be seen how problems 
involving extensible lines may be reduced to calculation. 



2. Eldstkity and Resistance of Solid Materials. 

83. All solid substances, as wood, stone, metals, &c.^ 
are susceptible of some compression and extension. This 
compression and extension are greater as the forces producing 
them are greater ; and when the forces 'produce a compression 
or extension greater than the texture of the substance can 
bear, the bodies are crushed or broken. We shall here 
find the change of figure of such bodies when they are com^ 
pressed under given circumstances. 

We shall suppose that all solid bodies may be considered 
as made up of elastic fibres, capable of extension and com- 
pression. We shall also suppose, as in the last Section, that 
the resistance to extension is proportional to the extension 
in each fibre, and the same of compression. We shall further 
assume, that the resistance to extension and to compression 
are the same in the same fibre. 

These principles would follow if we were to suppose the 
particles of bodies to be kept in equilibrium by their mutual 
forces in the natural state of the body; and the change to 
be small, which they undergo by the action of any force. 
In this case it might be proved that the displacement of a 
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given particle would be ultimately as the force whieli pro- 
duces it. 

When a solid body is acted on by any force, it may be 
partly extended and partly compreased. Thus let a mass 
ABQP, fig. 1^4, be acted upon by a force F, compressing 
it in the direction EF. The surface PNQ may be brought 
into the direction pNq ; in this case all the fibres RR' which 
are on one side of N are sliortened ; all those on the other 
side of N are lengthened. A''A'' remains the same as in 
the natural state. A'' is called the neutral point, and the 
line which separates the parts of a transverse section of the 
body which are compressed, from those which are elongated 
is called the neutral line of that section. 

84. Prop. When a rectangular prismatic mass is com- 
pressed by a force parallel to the direction of the aniis ; 
to Jind the neutral line. 

Let AB, fig. 12*, be the rectangular base of the mass, 
MM' its axis. And let the slice UTPQ be compressed so 
as to assume the form UTpq, JV being the neutral line. 
Then any fibre parallel to the axis, as VR, is compressed 
80 that its length becomes Vr : and by the supposition, 
if t be the force compressing it, E the modulus of elasticity) 
as in lost Article; we shall have 

Br 



Let PM = MQ^ a, MF = k, MR = «, and the breadth 
of the beam perpenditular to AB = b; MN=n, whence 
RN=n + x; force at F=f 

Also let UT and Q.P meet in O, and let OK=p. 

Hence 

Rr _ Rr _NR _ n+a 

VR'NZ ~~0L^ n+p' 
And the force of VR, supposing its breadth and thickness 
each 1, is 
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,.E.|r.£.i±5. 

VR n + p 

Henve if we take a very thin portion, of which the thick- 
ness is Sir and breadth b, its force is 



and this is the increment of the force exerted at if cor- 
responding to Sj;. When of is negative and greater than n, 
this is negative,' and accordingly the compression for that 
part becomes extension. 

The forces which keep each other in equilibrium an 
the force / acting at F, and the elementary forces (rf afl 
the fibres VE. And hence, by Art. s+, we must have, 
1st, the force / equal to all the forces 



E.- 



Odx :, 

and 2nd, the moment of the force / about JV equal to the 
moments of all the forces 



E.^ — bSx about N. 

n + p 

Also the aggregate of all the forces will be found by 
taking the coefficients of ix, in the expressions so found, 
and the integrals of these differential coefficients from 



Henco we have 

f + n 

p + n 

Integrating between the proper limits. 
2nah 



/(* + »)-/,£« 



/=«• 
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AD, AX = <r, XM = y. And since the curve is nearly 

dy 
straight line, — is small : hence the radius of curvature 



(-gr. . 



^ is = ^. nearly. 

But by Cor. % to last Art. i{ AD = I, k = DX =1-0;, 

rad. oi curv. = — . 



d'y _ F Sil-w) 
''' d^' E* a^ * 

Integrate with respect to .r, observing that -^ = 

dtV 



hen ^r? = 0, 



dy F 2 

dw E a? 



Integrate again : observing that y = 0, when oc = 0, 

3 1 

_ -Iw^ 0?^ 

F 2 2 

^ = £~ 1^ — 

And if the whole deflexion DE = 5, making a? = /, 

f 

Cor. 1. If we put for F its value -^, we have 

8. /^ 



Q 
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Hence it appears that for a given breadth and thickness 
the deflexion is as the force and cube of the length. 

And for a given force and length the deflexion is 
inversely as the breadth and cube of the thickness. 

Cob. 2. Let the direction of the tangent at E make 
an angle with the tangent at A. Then may be called 
the angular deflexion, 

dy . dy 

And -— =tan, 0; hence, putting / for a? in the value of—, 
da dx 

^ F SP 3f^ 
at the extremity, tan, = -- . — - = -^-r— 

^ E 2a* 4a^6 

The extreme angular deflexion is as the force and square 
of the length. 

87. Peop. When a rectangular prismatic beamy Jiwed 
in a horizontal position, is bent by its own weight, (its thick- 
ness being vertical) to Jind the dejleanon. 

In Art. 85, Cor. 2 ; put Fk the moment of the force which 

I — OB 

bends the beam = (/ - <3?) = ^ (/ - a?)^ ; and for the rad. 

At 

of curv. TT- 
do^' 

Hence we have 

d'y 30-<gy dy J^-jl-wf 
da^' 2Ea^ ' djp " ^Ea"" ' 



9.Ea^ ' 



3/1 
and the whole deflexion % = 



%Ea' 



CoE. In this and the last Article, 5 being observed, 
E may be found. 
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88. Peop. When an isosceles triangular prism is acted 
-m-^^pon by any force in any direction^ to find the neutral point 
any part 



The force is supposed to act in the plane which bisects 
tlcxe vertical angle of the isosceles triangle. Let ABQP^ 
fig. 124, be this plane, the vertex of the triangle being at 
JPy and its base at Q. 

Let 03r=^, rr=<r, TL = w, TU^a, PF^h,MFy^a, 
nnd the force =/, modulus of elasticity = E, 

As before, in Art. 85, we shall have the force of a single 

fibre at fi = £ -— = E . 

OL p-¥n 

And whatever be the form of the section perpendicular 
to the plane ABQP, if y be the ordinate of this section per- 
pendicular to the line PQj we shall have for the elementary 
force exerted at £, 

„ n - cr J. 

E y5<2?. 

p + n 



And by the same reasoning as in Art. 85, 

fsm.a^E / y, 

J» p " n 

f(h + n) sm. a = jB / -^^ ^y. 



In the case of the triangle, y^mw^ m being a constant 
V*Dtity. And integrating from a? = to w^a, 

9 

Em (I ^ \ \ 

fsm.a = . \-na — a* , 

•^ /» + n V2 si' 

/(A + n)sin.o = -n^a^ - -na'-f -- ; 
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.-. h ^n^ 



6n — 4a 
3a*- 4on 



.*. h = 



.•. w = 



6n — 4a 

3a*— 4a« 
Qn — 4a 

3a*+ 4aA 
4a + 6A 



+ «; 



3 
CoE» 1. *If A = 0, or the force act at P, n= -a. 

4 

CoE. 2. If the force act perpendicularly to the prism, 

2a 
h is infinite, and w = — . 

3 

CoE. 3. If the force act above P, A will be negative. 

a 
Thus if the force act at Q, A = — a, n = - . 

2 

CoE. 4. To find the radius of curvature of the neutral 
line, we have 

Em (\ ^ \ \ 

rad. curv. = p + n = -— ; -nar — or \ ; 

'^ /sm.a V2 3 / 

and putting for n its value, 

Em a* -Etna* 



rad. curv. = 



/sin. a 6(4a + 6A) 



/ 2a\ 
36/ 1 A + — I sin. a 



And if we take a point distant from P by •§■ PQj and 
from this point draw a perpendicular on the line of direction 
of the force ; if this perpendicular = A;, 

/, 2a\ . - jBma* 

A; = I A -f — I sm. a ; rad. curv. = p + w = ; 

\ 3 / ^^,/ A* 

or if ft be the base of the triangle, ma = ft, p -{-n^ . 



-iFab, 
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If / be the weight of a length F of the prism, 



p + n 



18 Fk' 



In the same manner we might find the neutral point for 
rismatic beams of other figures. And the deflexion when 
ley are acted on by given weights would be found in the 
«ne manner as before. 

Also if the beams are not prismatic, a will be variable; 
nd by putting for it the expression belonging to each case, 
e may find the deflexion in beams of other forms. 

89- Prop. A rectangular prismatic beam is compreaaed 
/ a given force acting in a direction parallel to the aaiia ; 
> Jind the dejlewion. 

Let ABA'0, fig. T26, be the beam, FF the line in which 
le force acts. P any point in the axis. And since tlie 
eflexion is supposed to be small, PM, which is perpendi- 
ular to FF', may be considered as perpendicular also to 
be axis. Hence if a be half the thickness of the beam 
= \-^B) and n the distance of the neutral point above P, 

'iM=ai, PM= y, we have, by Art. 85, n = — . 

Also if p be the radius of curvature of the axi* CP, by 
^or. e, of the same Article, 

Now - = - —J nearly, because the deflexion is small ; 

" da^ c* ■ 
Integrate, .-.^'=C-C i 



126 EQUILIBRIUM OF AN ELASTIC BODY. 



And if khe EVj the greatest ordinate, y = k when -^ = O; 

dy^ y-y" 1 1 d^ 

*' d^'~^" v(^'-y')""^5^' 

.-. arc (cos. = - j = - ; a? being measured from £, 

y = ft COS. - . 

Let Z ^ EF « half the length of the beam. And let 
h = CFi the distance of the force from the axis. Therefore 
when CD ^ly y = h^ 

cos. - 
h ^ k COS. - ; f/ = A . ^— . 

COS. - 

c 

Hence fJF = A sec. - ; and DFthe deflexion = JSF - FC; 

c 

.-. deflexion = A <sec. — 1 > . 
■But - » '« 



-?{f-}^ 



c ay/E-F 



CoE. J. If JB be very large compared with F, we shaU 
have the deflexion 

1\/Tf 



j W^F \ 

= ^<sec. 7 — : - 1>. 

I a\/ E j 



Cor. 2. The radius of curvature at V 



& COS. - a' cos. - 



3 



ir%-\ 
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And when E is very large compared with F, 

rad, curv. at I' = „ cos — ^■ 

SFh a^E 

Cob. 3. The deflexion will be greater, as the secant, 
in Cor, J, is greater ; and when the secant is infinite; the 
formula will fail ; in this case the prism will either be 
crushed, or will bend so much that the above reasoning is 
no longer applicable. And this will be the case if the i 
be a quadrant. Hence in order that the prism may support 
a weight with a small deflexion, the weight acting on i 
ride of the axis, we must have 




Coa. 4. If the force act at the extremities of the axis, 
^ = ; and there will be no deviation except the secant of 
*Vje arc be infinite; that is, except 

be- ■tr'E E 

— = = .8225 — . 
a' \2F F 



Hence we may find the w 
*nnaterials will support. Thi 
-* be 10000000 feet, a bar ar 
*iiay begin to bend when 

F = .8225 X I - 



eights which columns of given 
IS, if in fir-wood the modulus 
inch square and 10 feet long 



£ 10000000 = 571 feet; 



that is, it will bend when pressed by the weight of 571 feet 
of the same bar, or about 120 pounds, neglecting the pres- 
^ arising from the weight of the bar itself. 



^Hpre aril 

^^ODOOOO 



The modulus of elasticity for iron or steel is about 
feet; for wood, from 4000000 to 10000000; and 
for stone, probably about 5000000. 
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Cob. 5. In the same manner we might find the deflexioi 
of a triangular prismatic beam acted on by a longitudint 
force. For in this case, supposing E large with respec { 
to F, 

Ea" 



18 Fy 



3. The Curves farmed hy Elastic Ijamin€B. 

90. If we consider the thickness of the elastic bodies nSn 
Art. 85, to be small, we may neglect w, and we have, when t^Sie 
section of the body is a rectangle, 

E 

and in all cases p = — ; when e is a constant quantity depeirm d- 

ing upon the size and form of the section of the elastic boc3i-y» 
and upon its elasticity. If we suppose the body to b^ a 
lamina of uniform thickness, the value of a will be const&irit^ 
and E will be proportional to 6. 

Prop. 91. An elastic lamina of uniform breadth a^^^ 
thickness is fixed at one end and acted upon by a ^t^^^ 
force ; it is required to determine the form of the curve. 

Let BA^ fig. 127, be the lamina, fixed at B; f the forces 
which acts at -4 or ^ in the direction AE ; CM = a?, MP ^ f/'i 
co-ordinates perpendicular and parallel to the direction of th^ 
force AE ; AP = s. The radius of curvature at P is 



( 






x.~) 



ii 

dx^ 

Now it will manifestly make no alteration in the curvature a 
any point, as P, whether, after the equilibrium is established 
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we suppose the part PA rigid or not, or of one form or 
another. Hence the force / may be supposed to act on a 
straight rigid arm PK = x ; and we have by the last Article, 

fk=-,orf.= - (1). 

dy 
If — — = p, this becomes 
dw 

^ dx 



(1+7)1' 
^nd integrating, 

^(6^+^)= --— ^^^ (2), 

^^ ^ ^0+P') ^^ 

** being an arbitrary constant, to be determined. Hence, 
obtaining jtr*. 



' ' dx ^{d' - 6"- a!*)(oV 6*+ a?) ' 

We must determine V from known circumstances in the 
problem. If the curve BP be continued, to meet the line 
AEy and at the point of intersection make with the line of 
abscissas an angle a, we shall easily determine 6^. Since at 

that point x = and p = tan. a, equation (2) becomes 

« 

fh^ E tan. a ,, 2e sin. a _ . 

— = ; .-. 6* = ;; = - or sin. a. 

2 sec. a / 

R 
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If the curve do not meet the line JE^ 6* must be other- 
wise determined, as will be seen hereafter. 

92. Making a^-h^^ c^, whence a^+V^2a^-(^y our 
equations become 

dor ^{c'-w')(2a^-c^+a^) "^ ^' 

ds a^ . 

When 0? = 0, as at J, the curve makes an angle a with the 
abscissa. When a^ - c^ + <jr* = 0, or ^*= c^ - a* = - 6* = a^ sin. a, 

or w = a sin.* a, we have — = and the curve is parallel to 

CttV 

the abscissa. 

When w — Cy --— becomes infinite, and the curve is per- 

djff 

pendicular to the axis. When a? is greater than this, the 

expression is impossible. Hence c = ED, Beyond this point 

the curve turns back with an arc DC, fig. 127, similar to the 

arc AD before this point : and these two arcs correspond to 

J. 

the double sign of -^ in (3). 



a« 



If we find the radius of curvature we shall obtain it = — . 

2<r 

Hence the radius of curvature at the points A, C, A\ &c. 
where a? = 0, is infinite. These are points of contrary flexure, 
and the curve between each successive two of them consists 
of similar arcs placed alternately. The curve, as determined 
from the equation, may be continued indefinitely' in this 
form. 



93. To obtain the values of y and 8 we should have to 
integrate equations (s) and (4). The expressions, however, 



r 
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caDnot be integrated in finite terms*. We may easily 
tegrate them in series, by making ^{d^— ai^) =^u; whence 
we have, neglecting the signs, 



ds 



dy 



d.v u^/{2a'-u'y da: uy/ {^d' - li')' 
ds dy u 



Expanding - 



equations become 

»d8 I 
..... 



— by the binomial theorem, these 



dx dx -y/2 



It is only necessary to take the integrals from m ^0, 
to X = c, which give AD and ED, fig. 127, Now, since 



le kind which have been called Elliplical Transc, 
ith the functions on which the rectification of elliptical 
itegcBtion cannot be etfected rigorously, majiy propertied 
nding the int^nilB 
■ill find thflM I 



deriiaU, troin th( 

UC9 depends. Though the istegcation cannot be etfected 

and relations of them have been discovered, and methods of 

within any Fequisiie degree of approximatioti. 



completely treated of in the Exercicea <fe Calctil Integral of Legendre ; 
along with Euler and Lagrange, we are indebted for the discoveries made i: 
vince of analysis. 






• = ±s/,vlu: 



-— ^m' -. which is what Legendre calls an elliptical function of the first order, at 
designates by F. Similarly, y is reducible to elliptical functions. It appears ftom the 
work above-mentioned, that though we cannot find the length of an arc s, we can 
detennine arcs double, treble, &c or the halves, thirds, &.c. of given area; with many 
other properties, for which the reader is referred to the worlt itself. We can also 
obtain very converging series for the integrals; both when m is small, {which we 
have given in the text,) and when m is neatly = 1 ; and likewise for other cnsea, in 
which the calculation is facilitated by the Tables given by Legendre. 
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we shall have, between these limits. 



Jrl r i TT 



8«+l 



and by the known methods of finding j^(c* — tX?*) * , (Lacroii^q 
Elem. Treat, Art. 17l.)» ^^ shall find between the same limil 

fu = - . — . c^; 

•^ 2 2 

u* = — . — . c*; and so on. 

•^ 2.4 2 

Hence if the length ADC = /, and the height AC = h; 



I 



IT a j 1^ c" 1^3^ c* 1 

2T72*V"^2^*2^"^2r4^'4^"^---'j* 



2 2v^i 
2 "" 2v^2' I " 2^ ■*" 2^4*2^"^ 2^4^6' 4^ "^ "" V 

•*• ^" V^V"^2^-^^^i^?i^^^-7 ^^^ 

"■ V2'l 22*r2^'"2^4^'3*4^" •••')••• 



(6) 



and knowing 

a /k c' o2_^ l+sina ^ ., ,. 

:7^ = 'V -^^ and _ = _^ = __ cosHi^'h)^ 

we may calculate / and A approximately. 

From equation (3) we must determine the species of th 
curve. They will depend on the value of c compared with c^' 

94. Peop. When the elasticity is variable^ to determir^^ 
the curve^ having given the elasticity^ and conversely * 
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We have supposed the moments of the forces which tend 

to hend the lamina at any point to be equal to - , where 

P 
E is the measure of the elasticity, and is the same for every 

point. We shall now suppose e to be a function of the 

curve or its co-ordinates. As before, let a force / act on 

the lamina and let the abscissa be perpendicular to the di- 

I'ection of the force. Hence 

E 

fx= - ; ,'. E =fxp, 
P 

If E be given in terms of «, or of a? and y, we may 
substitute and integrate. If e be to be found, it will be 
^ad from the formula, 

do?" 

^» as appears from Art. 90, may be supposed proportional 
"^o the breadth, when the thickness is constant, and to the 
^Ube of the thickness, when the breadth is constant. 

Peob. To jind how the breadth of a uniform elastic 
lutnina must vary^ that by a weight hung at the end of it, 
it may be bent into the form of a quadrant. Fig. 128. 

In this case p is constant; therefore e, =fpaf, is as w. 
llence the lamina must be such that its projection ACc on 
a horizontal plane is a triangle. 

95. Hitherto we have supposed that the elastic rod or 
lamina in its natural state, when it is not acted on by any 
forces, is a straight line. But we may suppose that it is 
naturally of any form whatever, and that it is deflected 
from this natural form by the same laws by which we be- 
fore supposed it deflected from a straight line. 

Prof. In an elastic rod which is naturally a given 
curve, the curvature produced by any force at any point 
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18 equal to the natural curvature, together with the curvature 
which the same force would produce in a rectilinear rod 0} 
the same elasticity y acting in the same manner. 

Let Pqy fig. 129, be a small given arc whose natural 
curvature is Pq^ and its center of curvature o ; and let it be 
bent into the position PQy with its center of curvature at 0, 
by means of a force acting at the arm QE. Then the deflexion 
-Q^, of Q from its natural position, is the same which it 
would be if Pq were a straight line. 

Now ultimately, when PQ or Pq is indefinitely small, 
Qq may be considered as perpendicular to the tangent at P, 
and wiU therefore be equal to the difference of the perpen- 
diculars QR and qr upon the tangent. Hence (Newt. Prin. 
Lem. XI.) 

P^ P<t P(? f 1 1 1 

But if Pq were a straight line, Po would be infinite; 
and if Q'^' be the deflexion in this case for an arc PQ', 
and PO' the radius of curvature for the same force; 



Qq = 



k' / 



2 pa' 



And by supposition the deflexion from the natural form 
is the same in the two cases for the same arc: or Q'q'^Qq^ 
PQ! being equal to PQ, Hence 





1 


1 


1 




PO 


Po 


" pa' 


and 


1 
PO 


1 
pa 


"■po' 



and the curvature being inversely as the radius, the Pro- 
position is manifest. 

1 E 

Cor. Since, by Art. 90, ^ = — , 
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, 1 fk 
we have --- = h 



PO E PO 

E being, as before, a quantity which measures the elasticity 
of the rod PA ; and fk the moment of the force which acts. 

96. Peop. a tmiform elastic rod, which is naturally a 
?iven curve^ is Jiwed at one end and acted on by a given 
^orce: it is required to find the form which it will assume. 

Let BA^ fig. 127, be the curve when the force / is ap- 
plied. And as before, CM perpendicular to AE^w^ MP^y, 
<-P=«. And let the radius of curvature of any point P be, 
tx the original form, = r, and in the form which it assumes, 
= p. Hence 

I foff 1 ^ E E 

-=_+-, or /i? = ; 

p B r p r 

md r being given in terms of s, we have a differential 
equation to the curve AB, 

97- Pbob. Fig. 130. The curve Ba^ being 07*iginally 
a quadrant, fi^ed at its lowest point B, it is required to 
find the curve BAy when it is acted on by the force F. 

Let FA meet the horizontal line BD in D : DM = a?', 
JlfPsiy; radius of Ba = r; and since the original curvature 
is in a direction contrary to that which the force would pro- 
duce, r must be made negative in the formula. Hence it 
becomes 

- , E E , E 

/a? = + - ; or if we make a? — — = a?, 
p r fr 

E 

fof = —; and, putting for p its value, 
P 

^d^ 



( 
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which agrees with equation (l), Art. 91) for the common 
elastic curve. 

Hence the curves into which the circular rod can be bent 
are the same as those which may occur in the case of the 
straight lamina. 

£ 

If we take DE = — , we shall have EM = a?, and hence 

A 
if EC, perpendicular to DEy meet the curve, it will cut it 

in a point of contrary flexure C 

98. Fbob. Fig. 131. To find what must be the natural 
form of a lamina a By that a force F, acting perpendicularly 
at its eoctremity, may deflect it into a straight line AB, 

For the same reason as before r must be negative. Also 
p is infinite. And if a point p be, by the action of the 
force, brought to P, we have AP = ap =^ s, suppose ; hence, 

E E 2e 

fs = - , OT rs=-; or, making — = a\ 



a' 
rs^ — ; 
2 



which equation contains the property of the curve. 

If pn be perpendicular on an, and if we make an^x^ 
np = y, and the angle ptn = (f)y we shall have 

da; . ' dy , ds 

—-- = cos. 0, —— = sm. <p, r = -r — . 
ds ^ ds ^ d(f) 

d(b 1 2s ^ s^ ^ ^ . 

Hence —-=- = -=--; = — , the arbitrary constant 
ds r a"^ '^ a^ '' 

being = if aw be a tangent at a, 

dx s^ dy , s^ 

.-. —- = cos. - , — = sm. --; 
ds a^ ds a^ 

and by integrating these expressions, we should have the 
values of w and y in terms of s. 
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^^{ We may integrate by expanding cos. — and sin. ■ 
and tliua we obtain 



i.e.Sa' 1.2.3.4.9 



-kc. 



^ LSa' l.2.3.7a'^ 1 .2.3.4.5. II. a'" 

which converge rapidly, except when s is very large in com- 
parison with o. 

Since the curvature increases in proportion to the distance 
from a, it is manifest that the curve will be a kind of spiral, 
which will tend to a point C with an infinite number of 
revolutions. The co-ordinates of this point C would be found, 
if we could find the values of x and y when * is infinite, 
which cannot be obtained from the series given above. 

It makes no diiTereoce what point of the spiral we take 
for the point B. If we suppose that point and its tangent 
to be fixed, the portion of the curve Ba may always be 
bent into a straight line. 



4. Elasticity of Torsion. 

99. When a slender thread of metal, &c. is twisted, 
it tends to resume its natural condition, and would commu- 
nicate angular motion to any body to which it is annexed, 
for instance, to a straight rod or rigid line fastened across 
it at right angles. A force acting on this rod may resist 
this tendency to motion, and produce equilibrium. The force 
necessary for this purpose is, as has been already mentioned, 
proportional to the angle through which the thread is twisted. 
Let there be a thread, perpendicular at C, fig. 132, to the 
plane of the paper. Let its upper extremity be fixed, and 
let Bb be a bar suspended at its lower extremity in a ho- 
rizontal position. If this needle be turned out of the position 
Bb in which it would naturally hang, into any other Pp, 
the force which, acting at P in a horizontal plane and per- 
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pendicular to CP, would retain it in this position, will be 
as the arc BP, or as the angle BCP. If BC vary, Ae 
equilibrium will be preserved so long as the product of the 
force i= F) and distance BC reniainM the same; hence 

F.BCckBCP. 

If we call the angle BCP, 0, and the distance CB=CP, a, 
we shall have FarxQ, and Fa = e9, by properly assuming 
The quantity e is manifestly the value of the force F 
when the arm BC = 1, and the angle fj = 1 ; it is different 
for different substances and masses, and may be considered 
as measuring the elasticity of torsion. 

Problems in wliich elasticity of torsioti enters present 
few difficulties ; especially as there is no change of figure 
in the bodies which are concerned. We shall therefore only 
give one instance of their solution. 

100. Prob. Fig. 132. The extremity P of the bar whose 
natural position is Bb, is acted on by a repulsive force 
fohich varies inversely as the square of the distance from 
the center of force A, and is kept in its place by torsion; 
given its position, to find the force at A. 

f 
Let the force of repulsion exerted by ^ ^^ tj ' ^ hevig 

the distance AP. This force acts in the direction AP. Let 
it be resolved into two, one in the direction MP, of ttie 
lever CP, and the other in TP-, perpendicular to CP. The 
former of these produces no effect to turn the lever CP> 
and the latter only is balanced by the torsion. 

Let ACP^e, and APT = ApP = \ACP = ^9. _^ 



Hence the force which balances the torsi 



. f . 



Let CA = a, and we have manifestly sr = AF = 
Hence the force which balances the torsion is — -—. 
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Let now ACB - (i^ and tlie angle BCPy to which the 
torsion is proportional, will be + /3. The force of torsion 
will be € (0 + /3) acting at P, perpendicular to CP; as is 
stated in last Article. Hence 

4a'*sin. ^0 

whence 

/= 40^6 (0 + /3) sin. ^e tan. ^6. 

If correspond to another position of Pp^ f teing the 
ft)rce which retains it there, we have 

/ = 4 a^e {0 + /3) sin. ^Q tan. ^0', 

"Whence 

/ (e4-i3)sin.^etan.^e 

/" (0'+/3)sin.^0'tan.|0'\ 

If the arcs 0, O' be very small, we may put the arc for 
^ts sine and tangent; and hence 

If the points B and A coincide, /3 = 0, 

, / _ e sin, ^e tan. \ Q 
/"e'sin.^e'tan.p'' 

and when Q, ff are small. 

The combination supposed in this proposition agrees with 
the Torsion Balance of Coulomb, which has been employed 
for the purpose of measuring very small repulsive and at- 
tractive forces. In some cases the instrument was constructed 
with so much delicacy, that each degree of torsion required 
a force of only nrT4 qt ^^ ^ grain. 
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101. When solid bodies are made to undergo flexure 
beyond a certain degree, they break or undergo fracture; we 
now proceed to consider the force which is requisite, in order 
to produce this effect. 

When bodies break, the fracture may begin either by 
the tearing of the extended parts, or by the crushing of 
the compressed parts. Thus if a beam be supported on twn 
props, and broken by a weight hung to its middle point, 
the first destruction of the original texture of the bei 
may be either a crack on the under side of the beanij 
a piece crushed or started out, on the opposite side. 

As soon as the fracture is begun, it will have a tend- 
ency to extend across the beam ; for the flexure will become 
greater and the power of resisting less by the failing of one 
part ; therefore the remainder of the section of the beam 
will give way either by tearing or crushing. 

We assume that the line which separates the parts torn 
and the part crushed, in a fractured section, will be the 
line which separated the parts extended and compressed, the 
instant before fracture. 



::j| 



102, In treating of the elasticity of materials, (Chap/ vi.) 
it has been supposed that the resistance of the material to 
extension and to compression are on the same scale or modulus. 
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her of extenBiDn or compresaion, and E is the Eame in 
e two cases. But in reality the resistance of most mate- 
Js to extension and to compression is diD'erent ; whether 
consider the resistance to flexure or to fracture. 

Moreover it has been supposed that the resistance to 
ension and to compression in each fibre is proportional 
the extension and to the compression ; and the truth of 
i supposition can only be known by reference to expe- 
icnt. 

The former supposition, of the equality of the modulus 
extension and compression, requires to be corrected, in 
ler that we may apply our conclusions to practice with 
nnion materials, as wood and cast iron. It appears, for 
:h substances, that in the case of moderate ilexures the 
dulus of oompression is generally less than the modulus of 
;en8ion; and for the forces which are called into play 
en beams arc broken, it appears that the difference of 
■se moduli is still more considerable; as will appear in the 
>sequcnt articles. 

The assumption that the forces of extension and com- 
'ssion vary each respectively as the extension and com- 
^ssion, appears to be more nearly true. For moderate 
cures it was proved to be true by Mr Hodgkinson (Man- 
•ater Memoirs, Vol. iv. new series). He bent beams in such 
nners that in some cases they were capable of extension 
y, and in others of compression only ; and he proved that 
lx>th cases, the deflexion produced was as the force applied 
•nsversely; whence it followed (Art. 86.) that the forces are 
the extension, and as the compression respectively. 

In the case of flexures produced in breaking, it follows, 
:>m Mr Barlow's experiments, that the same law is very 
arly true, as will bo shewn in subsequent articles. 

103. Prop. The modulus of elasticity bmng different for 
mpression and extension, to find the position of the 
^Iral line in any beam exposed to a transverse strain. 
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Let the beam be fixed perpendicularly in a wall, and 
bent by a force Fj acting at an arm /, in a direction parallel 
to the transverse section. The sum of the forces of com- 
pression and the sum of the forces of extension, which act 
on the two sides of the neutral line, must be equal to each 
other; for the transverse force which bends the beam, is 
parallel to the transverse section, and cannot balance any 
portion of either of these forces. 

Let la he any portion of the area of the extended 
transverse section, and x the distance of this portion from 
the neutral line, then the extension will be as w. Also 
let E be the force of extension of a fibre at a distance h 
from the neutral line, and let <f> (jv) be the function of the 
extension to which the force is proportional. Then the force 
exerted by the area ha will be 

and the sum of all these forces is the whole force of ex- 
tension. 

In like manner if C be the force of compression of a 
fibre at the distance h from the neutral line, we shall have 
a similar expression for the force of compression at any point. 
Hence equating these expressions: 

E X sum of all the <f> (jxi) .la=^ C x sum of all the ^ (ai) .Sa. 

The sum on the first side being taken for the extended, and 
on the second for the compressed area. 

CoE. 1. If the force of the fibres be the same for all 
degrees of extension and compression; (Galileo''s hypothesis ;) 

E X extended area = C x compressed area. 
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I CoE. 2. If the forces of extension and compression be 

I proportional to the extension and compression 

I £ X sum of all the j!.Sa=C x sum of all the .v . Sa. 

r Therefore by the property of the center of gravity 

E X extended area x e = C x compressed area x c : 

« and c being the distances of the centers of gravity of the 
^''tended and compressed areas respectively from the neutral 
line. 

I 

^^^1 CoE. .'5. In a rectangular beam bent transversely, the 
^^^Siter of gravity of each area is in the middle of its length. 
^Tcnce, on the supposition of Cor. 2, 



_ Hence in this case 

extended a 



compressed area Ee' 



= rir- and — ■ = 
Ee E 



ind C : £ : 



^^r In moderate strains the forces of extension and com- 
pression are nearly as the extension and compression. Hence 
this corollary is here applicable. 

104. It appeared by Mr Hodgkinson's experiments, that 
in rectangular beams of fir, exposed to moderate flexure, 
the depths of the section extended and compressed were in 
the ratio of l69 to 190 nearly. Hence 



E : C :: (190)' : (169)^ :: 100 : 79 : 



■ nearly. 



In Mr Barlow's experiments fir beams were broken; and 
it then appeared that the areas extended and compressed, 
were as 3 to 5 nearly. Hence io this case 

»£; : C :: 25 : 9 :: 11 : 4 nearly; 
the forces be in this case as the extensions and compressions, 
which it will hereafter appear they are, nearly. 
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The ratios from these different experiments are very dif- 
ferent. It is possible, that in the very act of breaking a 
considerable change takes place in the proportion of the 
extended and compressed areas. 

105. Prop. The same suppositions being made as in the 
last Proposition^ to find the position of the neutral lincy in a 
beam, the section of which is an isosceles triangle, and which 
is bent in a plafie perpendicular to the base of the triangle ; 
the vertew of the triangle being in the contended side of the 
beam. 

We shall assume ^ {ai)^w as in Cor. 2, of last Proposition. 

Resume the equation of last Proposition, 

E X sum of all the <f> (jb) .Sa^ C x sum of all the ^ (as) . Sa. 

If 6 be the base of the triangle, g and h the height of 
the compressed and extended portions respectively from the 
neutral line ; we have, for the extended surface, 

Sa = (h — ai) 5a?, and since d> (w) = x, 

g^h ^ ^ 

The sum of all the (f>(ai).Sa 

is -Ckha^ --^a^) from w-Oy to a; ^ hi 

g^h "^ ^ ' 



.... b h 
that is, it is 



3 



• _ • 



g + h 6 
For the compressed surface, 

Sa = (h + w) del?, 

g-^h 

and the sum of all the 0(a^').5a is 

— T(^ha^+^a^)y from a? = to a^^g; 



g 

• • • _* 
g 



that is, it is — ^ i^fig'+^g') i 

fi" + /* 
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14>£ 



Hence 



Eh^^C{shg'+z^)', 5: 



- + 2 — 



E . g 

Hence — being known, - may be found. 



Cob. 1. The determination of the ratio % from the above 



^uation would require the solution of a cubic equation. 



g 



E 



The relation of - and -— may be determined more simply, 
by means of the following Table: 



A= 12 


C = 1728 


C=l 


^ = 12 


E = 8640 


jB= 5*00 


11 


7018 


4,06 


10 


5600 


3.24 


9 


4374 


^.53 


8 


3328 


1.92 


7 


2450 


1.42 


6 


1728 


1.00 


5 


1150 


.66 


4 


704 


.40 


3 


378 


.22 


2 


160 


.09 


1 


38 


.02 1 



It appeared in an experiment of Mr Barlow on an equi- 
lateral prism of fir, (On the Strength of Timber ^ 3d ed. p. 172) 
that g was .75 of an inch, and h Was .982 of an inch. 

T 
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Hence in this case - was — — , and by the Table, — was a 

h 12 C 

little greater than 2.5; and, as appears by interpolation, was 
S.64 nearly. 

106. Prop. The same suppositions being made as in the 
last proposition, and the edge being on the compressed side, 
to find the position of the neutral line. 

The reasoning will be nearly the same as before. If h' 
and g' be the height of the compressed and extended portions 
from the neutral line, and E, C the force of extension and 
compression at the distance h' from that line, 

E{3h'g*+2g'^^ Ch'^; 

E s^ ^^ 



CoR. 1. Hence the same Table as before, (Cor. 1, of last 

K C 
Prop*) will give the relation between -7 and — , putting in 

g E 

the table 

-7 for I- and -— for — . 
h' h E C 

In an experiment of Mr Barlow on an equilateral prism 

of fir it appeared (p. 173) that g' was .39 of an inch, and 

h' 3.5 

h' was 1.342 inch. Hence in this case — , was , and 

^ 12 

C E 

by the Table, -— was .31 nearly. This gives ~ = 3.22, which 

is not much different from the value obtained in the last 
Article, namely, 2.64. 

If we had g : h :: 5 : 6 when the edge is extended, 
and ^' : A' :: 7 : 24 when the edge is compressed, we should 
obtain from both cases nearly the same ratio of the force 
of extension to that of compression, namely, £ : C :: 3.2 : 1 
nearly. 
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The approximate coincidence shews that the supposition 
on which the above investigations proceed, namely, that the 
forces of extension and compression in each fibre are as the 
extension and compression, is nearly true up to the limit 
of fracture; supposing the neutral line, as shewn by the 
fracture, to be tlie neutral line before the fracture. 

107. Prop, Having given the position of the neutral ! 
line, and the absolute force of direct cohesion of the material, 
to find the force which applied transversely to any beam i 
will break it. 

Let f he the force, and I the arm at which it is applied 
perpGudicularly. The force F and the forces of extension 
and compression must balance each other about the neutral 
axis. Hence their moments must be equal, and we have, 
retaining the notation of Article 103, and using the abbre- 
viation S to express " the sum of all the"' 



^^H Whence 

I 



FI--2E 






^5a -f SC' 






-E^(..).<.„"„i 



-2^M..3»...(2), 



<PW ^ '' ipW 

ich is to be combined with the equation of Article 103 ; 

E^<p{iv)Stt = C2(p(x)&a (1). 

id thence 



In general we may eliminate C by (i), 
iind the relation of E and F by (2). 

In the case of fracture, E^a. is the force which will break 
a fibre, having a section &a, at the distance h from the neutral 
line. Therefore E is the force of direct cohesion for a surface 
1, and is therefore known by proper experiments. 



108. Prop. Having given the position of the neutral 
axis in a rectangular beam, and the force necessary to break 

it; /<> find the taw of the force of extension. 
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Let the beam, fixed in a wall, be broken by the tearing 

the extended surface, by means of a force F acting trans- 

rsely at the extremity of the beam, the length of the 

•am being /. This force must, at the moment of fracture, 

alance the forces of extension and compression. Hence 

E C 

Fl^ ^ ..^ ^d> (off). wSa +----— 2d)(j?) -w^a. 
0(A) ^ <pW ^ 

And in this case, h is the distance from the neutral line to- 
the point of greatest extension, at which fracture begins^, 
and E h the greatest force of extension which the substance 
can exert ; or that with which it just yields to direct divul- 
sion. 

If we suppose 0(^) to be a?™, and the beam to be rectan- 
gular, the equation of the former proposition. Article lOS,. 
namely, 

i;2 0(a?)5a = C2(0a?)5o, 
will give us, using integration to find the sums, 

g and h being the whole length of the sections of compression, 
and extension measured from the neutral line. 

Also on the same supposition, b being the breadth of the 
section, the equation (2) of last Article gives 

Fl^Ex z TT- + C X ^ 



(^ + 2)^"* {m-\-9)hr'' 

whence, by the previous equation, we find 

^, Ebhr+^+Ebh^'^'g Ebh ^^ ^ 



Ebh(h+g) 
"* + ' Fl 
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Ex. It appeared by Mr Barlow'^s experiments (p. l68) 
that a fir beam 24 inches long and 2 inches square, fixed at 
one end in a wall, required a weight of 558 lbs. at its ex- 
tremity to produce fracture. The neutral point or axis was 
at about ^ the depth of the beam. The force of direct 
cohesion on a square inch of the same wood was 13000lbs. 

Therefore in inches 6 = 2, A + g = 2, A = |^ of 2 = |, / = 24; 
also F = 558 and E = ISOOO : hence 

13000x4x2 13000 

m + 2= = =3x . 

558 X 24 13392 

This is very nearly 3 ; therefore m + 2 = 3 and m = 1 nearly. 

Thus the assumption of the previous Articles that the 
force of extension is as the extension is confirmed. 

109* Prop. Tfie same stippositions being made as in 
the previcma propoaitianSf to find the force whichy acting trans- 
versely as in Art 108, will break a beam the section of which 
is an isosceles triangle ; the edge being contended. 

Retaining the notation of the preceding Articles 105 and 
106, we have equation (2) as before. 

Fl^—'S.ai'Sa + r^x^Sa. 
h h 

Now for the extended area, 

. b . 

da =5 (h — x)cw, 

g + h^ 

Hence 

g-^hy 3 4j g + h 12 

And for the compressed area,' 

ca » (h + a7)Scr. 

g + ^ 
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Hence 

g + h [3 4.J g-^h 12 

Whence equation (2) becomes 

But by Art. 105, 



C = 



SA^H-2^ 
Hence 

Fl = — — {h + — ; g\ 

EbK" 3(g + hy EhK'ig-^h) 



12(^H-A) 3h^^g 4(3^ + 2^)' 
which gives the value of F for the case of fracture. 

Cob. 1. In nearly the same manner we shall find for the 
case in which the edge is compressed, the beam being broken 
by extension, 

Cor. 2. Hence the strength when the edge is extended is 
to the strength when the edge is compressed, 

r. F'- ^'^+^> .S'ig'+h') 
3h + 2g h' 

Let g-^h^g^-hh'-Cf the depth of the beam. There- 
fore 3h + 2g = 2c + h. 

F : F' :: : - ,, < - . 

2c -{■ h h 
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In the cases referred to in Articles 105 and 106, it ap- 
peared that when JE : C :: 8.2 : 1 nearly, 

h was nearly —c and k' nearly — c. 

Hence 



25 49 

F I F :: : :: 18600 : 1455S :: 372 : 291. 

27 X 11 31 X 24 

The forces which produced fracture in these two cases were 
found by experiment to be 370 and 313 pounds respect- 
ively {Barlow^ pp. 172, 173). 

When fracture is produced by compression we may in 
like manner determine the force of a beam, knowing the 
force which is to resist a given surface of the material acting 
directly. 

110. When a uniform beam rests on two props and is 

pressed by a weight in the middle, the effect is the same as if 

it were fixed at the middle and acted on by a transverse force 

Sit its extremity equal to the pressure on each of the props, 

that is, to half the weight in the middle. 



Prop. When a weight is supported on any point of a 
beam resting hxyrizontalJy on two props, the requisite strength 
of the beam at each point is as the rectangle of the segments 
of the length of the beam. 

Let a beam rest on two props, the length between the 
props being I: and let a weight W rest on a point of the 
beam, the distances of which point from the prpps are 
p and q. The pressures on the two props are respectively 

Wp ^ Wq 
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and the moment of each of these to turn the correspondii 
end of the beam round the point where W rests is 

Wpq 

Hence the strength of the beam at different points must 1 
as p9, the rectangle of the segments of the beam. 
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